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ABSTRACT

Traditionally, the Greek mathematical term dynamis Is interpreted
aiternatingly as »squaree« and sroot/side of squaree.. Through a
survey of the various usages of the term and of the related
verb dynasthal by Plato, Aristotle, and various mathematical
authors including FEudemos/Hippocrates, Euclid, Archimedes,
Hero, Diophantos, and Nicomachos, it is shown that all are in
harmony with a familiar concept of Babylonian mathematics, the
square identified by (and hence with) its side. It turns out that
a =geometers’ dvnamise and a scalculators' dynamiss must be
distinguished; that the technical usage for the former became
fixed only around the mid-fourth ec¢entury B.C.; and that it
vanished except in specific connections and formulaic expressions
from the third century onwards.

Apart from the conceptual congruity, Babylonian and
Greek terms share a number of everyday connotations. This
suggests that the Greek concept may have been inspired or
borrowed from the Near East. This hypothesis can be neither
proved nor disproved directly by the sources, but it turns out

to be internally coherent and fruitful with regard to the existing
material.



RESLME

La tradition interpréte alternativement le terme mathématique
grec dynamis comme »carrés et »sracine carrée«. Un apercu
sur les modes d'emploi du terme grec chez Platon, Aristote. et
chez un nombre de mathématiciens (dont Eudéme/Hippocrate,
Euclide, Archiméde, Héron, Diophante, et Nicomaque) fait pour-
tant voir que l'on peut comprendre tous ces modes d'emplois a
partir d'un concept familier aux mathématiques babylonlennes, a
savoir le carré identifié par (et donc avee) son ¢oté. 1l s'ensuit
aussi qu'il faut distinguer entre la »d¥namis des géométress et
la »dynamis des calculateurss; que l'usage du premier ne devient
fixe gu'au milieu du quatriéme siécle avant J.~C; et qu'il disparait
du discours géométrique courant 2 partir du troisiéme siécle
avant J.-C. et n'est conservé que dans des contextes spécifiques.

Le contenu conceptuel commun et l'existence de connotations
secondaires partagées suggérent la possibilité d'un emprunt du
concept. Cette hypothése ne se laisse ni prouver ni réfuter
directement par les sources; elle résulte pourtant cohérente et
féconde pour l'interprétation des documents existants.



INTRODICTION

Among the most debated single terms of ancient Greek mathe-
matics is the word dynamis!, the basic everyday meaning of
which 1is »powers, »mights, sstrengthe, »ability« etc. [IGEL,
4528-tj, Responsible for this debate are first of all the para-
doxical ways in which Plate uses the term in Theaetetus, especi-
ally because these ways appear {o agree badly with Buclid's use
of the term in the Elements.

The word is absent from books I through IX of the Elements.
But in Book X, def. 2 we read that straight lines (c08etan)
are -scommensurable in respect of dynamis (Suvvéper odu-
petpol) whenever the squares on them {td é&n' obdtdc
tetpéymve) are measured by the same areas. This indlcates
that dynamis should be read as ssquares, while raising the
problem why it is used instead of the current term tefragon.

In Plato's Theaetetus, a sdynamis of three feete ([§0vaurg)
tpimovg) appears to be a square of the area 3 square feet
(147d 3-4)2. A little bit later, however, dynamis is the term
chosen for certain lines (ypoupal}—viz., lines which »square
off« {retpaywvileiv) non-square numbers ({anachronistically
expressed, lines the lengths of which are surd}). The latter use
of the word has given rise to the other traditional interpretation
of the word, as »side of squares of ssquare roots—eventually
as »irrational square roots.

A third text has often been taken into account in the discus-
sions, In Cudemos' account of Hippocrates of Chios' investigation
of the lunes {as quoted by Simplicios [Thomas 1939, 238J) it is
stated (in words which may perhaps go back to Hippocrates
himself} that similar circular segments have the same ratios sas
their bases in respect of dpnamis«e (kai ol Béoeirg cvidv
Svvayrer), while circles have the same ratio sas the diameters
in respect of dynamis«. The Euclidean dative form dyndmei is
thus found (with approximately the same meaning) in a text
dating back into the fourth or maybe even the fifth century.

! Extensive references to the debate prior to the year 1975
will he found in [Burnyeat 1978]. AmonﬁTlater discussions of

the term, |Knorr 1975], |Taisbak 1980} and [Taisbak 1982} should
be mentioned.

% Durnyeat (1978, 492ff renders the whole passage 147¢7 to
148d7 with English translation following John McDowell, renderin

SOveurtg as epowers. In the Loeb edition, Fowler [1921
translates as the term as »roots.



FURTHER OCCURRENCES:
THE FARLY EFPOCH

Below ! intend to show that the apparently equivocal use of
the term need not be equivocal after all, by pointing out an
analogous conceptual structure in Babylonian mathematics. Before
presenting this paralle] 1 shall, however, give a more precise
survey of the mathematical uses of the Greek term, in order to
uncover more fully its uses and development.

There are, indeed, a number of less discussed occurrences of
the term and of the related verb dynasthai (§6vacBai; non-
technical meaning sto be able/strong enough (to do something)s,
sto be worthe, sto be able to produces, etec.—GEL, 451b-4529),
As a preliminary semantically uncommitted translation integrating
connotations of physical power as well as commercial value 1
shalil use »be worthe jn the following when discussing the mathe-
matical uses of the verb. Instead of the expression sin respect
of d¢namis« 1 shall mostly use the Greek dative dyndmei.

The verb 1s used in intimate connection with the noun in
the central Theaetetus-passage (148a6-b2);

tieacteros, We defined all the lines that square off
equal-sided numbers on plane surfaces as lengths, and all
the lines that square off oblong [i.e., non-square—JH] numbers
as dynameis, since they aren't commensurable with the flrst
sort in respect of length but only in respect of the plane
figures which they are worth.

This translation reproduces McDowell as quoted by Burnyeat
{1978, 493, with these exceptions: sdyndmelss instead of
rpowerss; sare worthes Instead of shave the power to forma;
and »in respect of lengthe« instead of sin lengths, in order to
render the parallel uses of the dative forms S&wvvéper and
uhker. It is seen that the lines which are labelled dyndmeis
»are worthe those squares of which they are the sides {(ana-
chronistically: The line of length ¥3 »is worthe the square of
area 3).

In the Eudemos/Hippocrates-fragment, the diameter di of
one circle is said to sbe worths the sextuple of another circle-
diameter dz when il sise its sextuple dyndmei, i.e., when d\2=
6d2? (248% and 250° combined); the diameter of a circle,
being the double of the radius »in lengths (pfixer} is its
quadruple dyndmei (250%), Furthermore, the two short sides in a
right-angled triangle aare worth the same« {Yoov) as the



hypotenuse (250!}, while a line a is said to »be worth lesse
than two others b and ¢ when 22<¢bZ+c? {2429),

In Aristotle's De incessu animalium 708b33-709°2, on the
other hand, the hypotenuse of a right-angled triangle is said
to sbe worthe (not sworth the same as«} the two other sides?
according to Heath ({1949, 284] against GEL 452244-45 following
the Oxford translation), the same usage Is meant in 709218-22.
An identical formulation of the Pythagorean theorem ls found in
the pseudo-Aristotelian De [ineis insecabilibus 970312-14.

iIn Metaphysica 1019®33-34, in connection with a general
discussion of spotency: and »spotente (36vepnig and Jduvvatde,
respectively), Aristotle explains that the term d¥namis is used
in geometry »by metaphors; In 104626-8 the usage is explained
as due to »sresemnblance« (dpordtng). An explanation of the
concept as derived from Aristotelian {or older natural) philosophy
should thus be excluded—even though a metaphor along the lines
of »the square which a line is able to producex should perhaps
not be far from Aristotle's own understanding of the termd.

The examples given so far demonstrate beyond doubt that
dynamis and dfnasthal belong to current fourth- (and maybe
fifth-) century geometrical parlance. They might also be taken
to suggest that the use of dynamis in Theaetetus as a designa-
tion for a line (be it a specific sort of line) is a Platonic hint
of an idiosyncracy of the young Theaetetos—as indeed suggested
by Burnyeat ({1978, 496].

The first of these theses is confirmed by another Platonic
passage, while the second is falsified {pace Burnyeat). Politicus
266a~-b contains a pun on the word (already discussed by Burnyeat
{loc. cit] and by Szabd (1969, 90]): Man, having the ability
{dynamis) to walk on two feet (being s»two-feet in respect of
abilitys/8{novg Bdvvaper) s lidentified with the diagonal f{of
the unit square}, which is also stwo-feet dyndmeje. Similarly,
the swine, being four—feet in respect of ability, is the »diagonal
of the diagonals (being four-feet dyndmei it must be of length
2, and so be the dlagonal of a square with side ¥2). We observe
that the shumane« diagonal is regarded in the second instance
as something possessing ltseif a diagonal, i.e., as a square, in a

* In this connection it should be kept in mind that the Greek
verb is transitive; »x being worth Y« is thus as different from
X being worth the same as Ya as sx loving Y« Is fromm »x
loving the same as Y« (jealousy apart).

4 Formulations like the latter are found in_various commentators
from Late Antiquity, cf. Burnyeat {1978, 500 n. 34]. An explicit
derivation from natural philosophy is considered abeyond doybt.
by Birthlein [i965, 45], who in order to substantiate his claim
mixes up lines and numbers in quite anachronistic ways.

‘.7.—.



way which defies both the Interpretation of the dynamis of g
square pure and simple and the traditiona! alternative »sides/
25quiare roots.

Because Theaetetos and sthe young Socratess participate
together In the dialogue as they do in Theaetetus, Burnyeat
interprets the passage as another reference to Theaetetos'
characteristic idicm. The pun is, however, put forward by the
sStranger from Eleas, and furthermore with the words »ssince
both of you are devoted to geometrye. Had Plate wanted to
hint at Theaetetos' own terminological contributions or habits
he would ‘hardly have chosen this way to express himself. Instead,
the pun must be a play on the common terminology of contempo-
rary geometers {(or, rather, a terminoclogy which a mid-fourth

century philosopher would find natural in the mouth of a late
fifth-century geometer).



LR THER OCCURRENCES:
THE EPOCH OF MATURITY

As it is well known, almost all sources for the history of
Greek mathematics date from the third century B.C. or later.
Truly, in this age of maturity Greek mathematics tended to
make less use of the dynamis/dynasthaj-structure. Still, both
terms occur a4 number of times in the great mathematical authors
from Euclid onwards, in ways which may serve to elucidate the
terininology, showing varled continuity with earlier usages.

S0, in Data 64, 65, and 67, Euclid speaks in the enunciations
of the amount by which one side of a triangle »is worthe more
or less than the other two sides, in the same meaning and in
the same connection as Hippocrates/Eudemos. In the ensuing
demonstrations, however, he only refers to sthe tetragons ons
the sides. The same thing happens in proposition 86. It looks as
if the dynamis/dynasthai-usage had been current at a time
(fifth and fourth century) when certain theorems and standard-
ized expressions were f{irst formulated (the point in question
here being the extended Pythagorean theorem), and that those
formulations were handed down Tfaithfully?, But the actual
proofs of the Data were formulated in current words, speaking
of tetragons and not dyndmei.

The tendency toward a changing usage is seen in stronger
form in the FElements. The dynamis is avoided even in the
formulations of the theorems until book X. So, the Pythagorean
theorem, which both Eudemos/Hippocrates and the Aristotelian
corpus refer to time and again in dynasthai-dress, deals here
with »the tetragons on« the sides (1.47). The same holds for
XI1.2, acircles are to each other as the tetragons on their
diameterss, where Eudemos/Hippocrates had spoken of the ratio
sbetween the diameters dyndmede.

In books X and XIII do we find the traditional usage-—bhut
only in definitions, in theorems, and when the proofs refer to
definitions or theorems or (in a few cases} sum up a result in
formulaic language. During the free discursive argumentation on
figures, everything refers to »the telragons one« the lines in
question. X, def. 2 was already quoted above, as expiaining the
formula wcommensurability dyndmein of two straight lines as
scommensurability of the tetragons one the lines, and can thus

9 Aujac [1984; 1984a]l has investigated such word-by—word
preservation of the phrasing of theoréms, involving also Euclid
and pre—FEuclidean spherics.



be taken as a paradigm for the general relation between formulae
and free speech.

The formulae which are used belong without exception to
types with which we are already familiar from earlier sources.
We find the counterposition of scommensurability in respect of
lengthe (pfiker) and dyndmei (e.g. X, def. 3); line a abeing
worth mores than line b (e.g. X.l4), sbeing worth n times« b
(e.g. XIIL2), or line a »being worthe lines b and ¢ {e.zg. XIIL.10),

Finally, a line may »be worthe an area (e.g. X.40) or a figure
{e.g. XIL1).

On the faith of Proclos, Archimedes is normally taken to
have worked after Euclid. As observed by Schneider {1979, 61f
n. 82] and Knorr {1978, 221}, however, his works build on pre-
Euclidean mathematics and not on the Euclidean Elements; as a
witness of early terminology, he can thus be trusted on a par
with Euelid.

As concerns his use of the dynamis/dynasthai-terminology,
it varies from work to work—a fact which was used by Knorr
as supplementary evidence in his investigation of the relative
chronology of the Archimedean corpus {1978, 264 n. 124a]. Most
of the occurrences fall under the types also testified in Euclid:
Ratio dyndmei in contrast to ratlo simpliciter or mékei; and a
line »being worth« a rectangle or a plane figure. At times,
however, a line »is worth the sames as a rectangle (e.g. De
sphaera et cylindro 1.29, 1241). Furthermore, there seems to be
a tendency (according to Knorr's relative chronology) for earlier
works to use occasionally the ldiom in free speech and for late
works to restrict it to formulaic expressions and quotations of
established theorems.

Like Euclid, the Archimedean corpus thus suggests that the
dynamis/dynasthai-usage was being left behind in the free
language of third-century geometers while being preserved (and
still used) in frozen state In formulaic expressions. This s
further confirmed in Apolionios' Conica, with one gqualification;
Apollonios takes advantage of the possibilitles of the terms to
compress complicated expressions, creating formulae of his own
(e.g. 1I[.54, 440'%, where a ratio is composed from one ratio
dyndmei and another ordinary ratio between areas).

Later geometers would still use the formulae but only by
tradition. This is demonstrated by Pappos, in whose Mathematical
Collection (along some 20 correct quotations of the old formula-
tions) the dgnamis- and tetragon—formulations of the Data are
mixed up as the dyndmeis of the sides of the trianglese (63811~
13). Direct and indirect testimony is supplied by an anonymous
2nd century A.D. commentary to Theaetetus [Burnyeat 1978, 497]:



1t tellis that sthe ancients called tetragons dynidmeis; evidently,
the readers are supposed not to know—and seemingly, the
commentator does not know that the two terms though somehow
semantically connected were used differently.

It is then no wonder.that even Hero speaks of ratios dyndmei
v. mékei in Metrica 1.19, 54'9—~—nor that a passage of 1.24 (8228f)
appears to make a rectangle and not a line subject of the verd
dynasthai (»appearss, while the passage is anyhow illegitimately
elliptic and therefore possibly corrupt®). At other points,
however, striking deviations from familiar expressions turn up.
A passage in [.15 (4222-2%) runs sand take away from dyndmeij
121 dyndmei 36, remainder dyndmej 25, which is mékel 5. Dyndmei
121 is thus simply v121=11, which in a more traditional formula-
tion might appear as »that which dyndmei is 121., corresponding
also to the expression »B® dyndmei 180s found three lines
above (freely to be interpreted BO?=180 or BO=Y180). But
the phrase in lines 22-24 contains none of those articles and
retative pronouns which in normal Greek mathematical texts
Indicate elided words. Dyndmei N is simply used for vV A.

If we go to 1.17, 48%, on the other hand, sthe <ratio> of
the dynamis of the <{tetragon> on Bl to the <tetragon> on
BT upon the <tetragon> on AAe« designates the ratio of
BTrY to Br2-AA2, Dynamis N is thus N2 8o, the Platonic
ambiguity between ssquare« and ssquare roots turns up again in
this rather late and very un-Piatonic text {though grammatically

distinguished as it should be in an efficient technical! termino-
logy).

S Hero refers Archimedes, De conoidibus et sphaeroidibus v
for the statement that stheN/A (rectangle> under the axes (of
an ellipse] is worth the circle® equal® to the ellipses ["=nomina-
tive case endinf,. A=gecusative], but afterwards uses the correct
theorem that the product of the axes equals the square of the
diameter of the circle in guestion. In a foutnote, Heiberg propo-
ses the correction »... is worth <(the diameterA> of the circles
equal® .« [S=gcnitive], which would still be trregular; the
emendatlon ... Is worth <(the diameter®> of the circle® equal¢
...«, however, would put everything straight, apart from a legiti-
mzate though rather unusual inversion.

- ] =



THE sCALCULA TOR 'S DYV NAMIS

The BTY of Metrica 1.17 is also spoken of as »the dyvnamo-
dynamis upon BT« (482!}, Diophantos' term for the fourth
power. it might therefore seem that the numerically oriented
mathematicians of later Antiquity just took over a traditional
geometrical concept and shaped it for their own purpose. This
concept (that of Iliippocrates, Euclid, Archimedes, Apollonios
and Pappos) I shall call the sgeometers' dynamise«, in agreement
with the Metaphysica~ and Politicus-passages quoted above.
More likely, however, the similarities between Plato's and Hero's
texts should be explained with reference to an old, related but
distinct »calculators’ dynamise. To this peoint I shall return; for
the moment I shall only argue for the existence of the entity
in question.

It turns up rather explicitly in Plato's Repubiica 587d, during
the discussion of the distance between the tyrants phantasmagoric
pleasure and real pleasure, which, when regarded as snumber of
the lengthe (109 pfikovg é&pr@pdc) is argued by Socrates
to be the splane number« 3.3=9. It is then »clear, in
truth, how great a distance it is removed according to dynamis
and third increases {(katd &Ovopiv koi plinv abinv)—a
statement upon which Glaucon comments by a »=clear at least to
the calculator« (3fAog ¢ 7y Aoyistikg). Clearly, in this
kindly ironic portrait of his brother? Plato supposes that the
mathematically illiterate will have known the word dgnamis as
belonging to the field of practical calculation (logistics} rather
than to that of theoretical geometry. Furthermore, logisties is
supposed by Socrates’ remark to deal with three different nume—
rical manifestations of one and the same entity, as snumber of
the lengths, dynamis, and sthird increases. Kindly enough,
Plato tells us that these are not just the slinears, »squares,
and »scube numbers« known from Greek theoretical arithmetic
(and from Theaetetus), the snumber of the lengthe being already
a square number; they have to correspond to the first, second
and third power of the entity,

Presumably, the scalculalors' dynamis is also mentioned in
Timaeus 31c-32a% At most, however, this passage provides us

? The reading of the passage as kind irony is supported by

the similar portrait of the jeunessse-doré-attitudes o? the other
brother Adeimantos in 420a.

® Souilhé [1919, 124] reads the passage dlfferentlg equatin
SOvaptrg with sforce« anpd 8ko¢ with »masses. T {s is no

_12_



with the extra information that the terminolegy for the sthird
power« was fluent. More Interesting as an elucidation of the
Republica-passage and of the scalculators' dynamis are the
terms used in Diophantos' Arithmetica. As he explains himself
in the foreword, Diophantos speaks of square and cube numbers
as stetragonss (retpéywvor) and scubess (k6for), respectively
(218-22}, In agreement with general convention, however, the
second and third power of the unknown number (the &pi16-
ubég), however, are spoken of as dynamis (5O6vaprc, abbre-
viated AY) and cube (x0Pog/KY) (41%-17)8  Now, it is
known that part of Diophantos' algebraic formalism is taken
from earlier Greek calculators: The abbreviation ¢ for the
ap1Bpo¢ Is used in & ¢, 1st century (A.D.) papy¥rus—see
{Robbins 1929| and {Vogel 1930|], and the term Jvvoapoddvauig
for the fourth power was used during the same century by
Hero (cf. above). Furthermore, part of his material (I.xvi-xix,
Xxli-xxv) is borrowed from traditions of reereational mathematics
{»purchase of a horses, »finding a purses, etc., see |Tropfke/
Vogel 1980, 606-613]) which already in Plato's time had given
rise to theoretical treatment {(»Thymarides flowere, see [Heath
1921, 94ff]). Since the distinction made between square number
and dJdy¥namis coincides with that made In Republica 587d it
appears reasonable to assume that even this is due to continuity,
and hence that the conventlon referred to by Diophantes tock

over its specific use of dynamis from the old calculators known
to Glaucon!o,

very plausible in view of the context.

This passage exhausts the number of mathematical occurrences
of the dynamis in the Platonic corpus, together with another
E;assage in Timaeus (54b), where in the triangle obtained by
isection of the equilateral triangle one side is said to be the
triple of the other saccording to dfpamis« (xotd 3SOvouiv),
(I disregard a possible hint in the notoriously obscure Republica
546b, and the occurrences in the pseudo-Platonic Epinemis).

9 As pointed out by Rashed (1984, 113]|, the dynamis—term is
introduced at an earlier stage than unknown nuimbers. Only by
saying that »it has been approvede (&Soxiunéo8n) that in
this form the square of numbers becomes one of the »elements
of arithmetical theorye (gtorxetov thg &propntikiic Oeopfoc)
does Djophantos make c¢clear that he is already here aiming at
the only actual use of the term later on, viz., as a designation
for the’ square of the unknown a&piopdc—telling at the same
time that he is following a general convention from a discipline
of rarithmetical theorys which is neither Eu¢lidean nor Neopytha-—
gorean (Nicomachos uses the term quite differently, as we shall

see). Only Diophantos' own brand of arithmetic seems to be
left, i.e., algebra.

1 Few instances of ancient second-degree salgebras below the
level of Diophantos have survived in sources from classical
Anthu'it.y. Some, however, can be found scattered through sur-
veyors' and related texts. So, e.g., in the Geometrica ascribed

- I3 =



If this Is so, »geometers'« and scalculators' dynamise are of
course related but yet different concepts, and one must be
assumed to derive from the other. For the moment, we will
have to ieave open the question of the direction of influence,
and return attention to the geometers' concept, for which the
source situation is the better.

Lo Hero, xxi.9-10 (380*-9), the dimensions of a circle are
found from the sum of diameter, perimeter and area, while the
Roman agrimensor Nipsus (2nd c. A.D?} treats the problem of a
right-angled Lriangle with known hypotenuse and area in his
Podismus (297(). We can hence be sure that basic second-degree
salgebra« was known to the anclent practitioners,

= 4 -



INTERPRETING (77

The difficulty of explaining dfnamis plainly as ancther
name either for tetragon or for side is as evident as explaining
away the evidence speaking in favor of the rival explanation.
instead, two new interpreiations (both involving centrally the
verb dynasthaf) have been proposed by Szabd and Taisbak.

Taisbak (1980, summarized in 1982, 72-76] proposed a reading
of dynasthai as »to master«, in the sense that a line smasterss
that two-dimensional extension which it is able to cover by a
square: this extensfon should be understood as an entity different
from both the square as a geometrical figure and from its area
regarded as a number resulting from mensuration. In its origin,
dynamis should then be a term for the extension. For later
times, Taisbak proposes a reduction to an ill-understood rudiment.
The use of the term for a line should result from informal
speaking among mathematicians.

Szabod's explanation [1969, 46f; reworked 1986] built on the
well-documented use of dynasthai as sbeing worths in a real
commercial sense (»the shekel Is worth 7 obolse<). This is sup-
posed to have inspired a use expressing that a square is equal
to some other surface (a rectangle or a sum of squares); for
some reason (rirgendwies {1986, 359)), the expression involves
the side of the square as the subject, and not the square itself.
Formally, a dynamis should be a line; in reality however should
intend the square constructed upon the line, but only on condi-
tion that this square Is equal to ancther surface.

In order to underpin the interpretation, Szabé clalms that
the wkota SOveprv-usage of the Republica- and Timaeus-
passages (in fact the earliest certain appearances of the mathe-
matical dynamis) is derived, while the dative dynamel used
from the late Platonic dialogues onwards should reflect tLhe
original thinking. Even if this hypothesis is granted, the rather
loose lnnguage of the remaining pre~Euclidean sources is proble-
matic for the very sirict sense In which Szabd intends his
interpretation—a line being sometimes worth other lines, some-
times »lhe same. as other lines, ete. If the reading bLe taken
more loosely than intended originally, however, as informal
speaking, neither the early Platenic oecurrences nor the lax
formulations uare serious challenges; but then, on the other
hand, the explanation comes close to Taisbak's.

Before considering either of the positicns, I shall step outside
the ecircle of Greek language and culture,
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A BABVYLONIAN PARALLEL

To a historian of Babylonian mathematies, indeed, the apparent
amblguity between ssquare: and ssquare roots has a familiar
ring. Both the basic Old Babylonian term for a geometric square
(mithartum) and the Sumerogram normally translated as ssquare
roote (ib-sig) appear {(when translated into modern termino-
logy and concepts}) to designate alternatingly the square and its
side. The semantic basis of ib-sie is egquality {(viz., equality
of the sides of a square), while that of mithartum Is the
confrontation of equivalents (still as sides of a square). Inter-
estingly, the Babylonlan term for »countervalue« or scommercial
rates (mahirum) derives from the same root as mithartum,
viz.,, from mahdrum, »to stand up against, to encounter, to
receive lan antagonist, an equivalent, a peers]. So, the coupling
between »squaree, »side of squares, scommercial rates, requi-
valence:, and =sconfrontation of forees, so puzzling in Greek
mathematics, is shared with the old eastern nelghbor. Could it
be that the Greek term translates a borrowed technlical concept,
using a Greek term possessing the same connotational range as
the original Semitic term!!? And could a possible borrowing,
or just the conceptual paraliel, help us understand the shades of
the Greek term?

Since our earliest sources (be it Plato, be it the Eudemos/
Hippocrates—fragment) use the dynamis-terminology in developed
form, the original idea behind it cannot be established beyond
doubt, and conceptual and terminological diffusion (from Baby-
lonia or, indeed, from anywhere) can neither be proved nor
ruled out as a possibility. The answer to the first question ls
an uninteresting »yes—anything could bee«. For the time belng,

!t Next to nothing is known about the transmission of Babylon-
ian mathematics after the end of the Old Babylonian period (c.
1600 B.C.), bul that transmission took place i§ sure. As 1 have
shown in my 1988, 457-468], a 12th-century Latin transiation
from the Arabic foilows Old Babylonian ways down to the choice
of grammatleal forms. That the Greek calculators owed part of
their technigue to the Near East is also apparent from the
name of their favorite instrument, the &pak, the |dust} abacus,
which is borrowed from western Semitic 2bq, slight dusts
(the root is absent in Babylonian). Since finally the term mapi-
rum is testified in Hebrew in the related form mthir, a Western
Semitic (Phoenician?) contlact is no less llngulstically possible
than direct Babylonjan inffuence.

Without taking Proclos' Commentary more seriouslly than It
g[lf‘s’sergfles t\,vn m:tyr also rgmembe(r his ascrip%nn in 65’;3 0 -accurat()e
Investigation of numbers. W Gpr Oudv  dxpipi VoG 1¢
Lo the Thoenicians, which he derivg'.-s fr%m li:he needs ofl%og?stics.
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the hypothesis can only be tested for plausibility and fruitfulness,
the former depending largely on the latter, i.e., on the answer
to our second question., We shall therefore need a closer look
at the Babylonian concepts.

According to its derivation and to cognate terms, mithartum
designates an entity arising from the confrontation of equivalents
(the confrontation of the line and its mefrum or scounterparts—
another derivative from the same root). A number of texts
show that the mithartum when described by numbers is the
length of the side and possesses an areal?. No single text
can be found where the square is ldentified with its area, as
we would tend to do, and as its Is inherent in the Euclidean
tetragon as a ofigures (oyxfina), l.e., as something which Iis
sencompassed by some boundary or boundariess (Hné tivog
N 1w Gpwg meprexdpevov) (Elements I, def. 22 and 14),
On the other hand, other evidence shows beyond doubt that the
mithartum is a geometrical square and not a mere line adjacent
to a square —e.g. BM 15285 [MKT 1, 137f], where the squares
are drawn.

This may seem strange to us. From a eculturally neutral
standpoint, however, our own ways are equally strange. Why
should a complex geometrical configuration—four equal lines at
right angles delimiting a plane surface—be considered identical
with the measure of the plane surface, rather than with the
measure of one of the lines? Once the configuration is given
one parametrization is as good as the other. So, the ambigulty
of the mithartum-concept vanishes: It is not alternatingly
square and square root, but simply the figure identified by—and
hence with—its side.

The case of ib-sis 1is similar. Etymologically and in
most occurrences the term is a verb. A phrase like »Bl-e 9
ib-sie« must apparently be read as 8! makes 9 equal-
Isided}«!3. In some occurrences, the term is used as a noun,
related to mithartum, i.e., as a square flgure parametrized by
the length of its side—at times when Lhe side of a square of
known area is asked for, but occasionally as a description of
the geometrical configuration itself. In some instances, finally,
the term occurs as a verb denoting the creation from a length

12 E.g. BM 13901, lpassim IMKT 1If, 1-5]. The first problem
can be translated »! have added the area and my mithartum, it

Ig 3/4z., The solution states that the mithartum, the square
identified with its side, is 1/a.

'3 This follows bolh from the Sumerian ergative suffix —-e and
from interrogative varlants of the phrase showing 9 to be an

ntgcﬁls(a'}.‘tlve. xemplifications can be traced through the glossaries
(4] .



of the corresponding quadratic figure (but not Its area),
Once again, the square is considered under the aspect of a figure

made up of equal sides, not as a plane surface surrounded by
such sides.

M A full documentation of the varying uses of ib-sis
would lead loo far astray. It belongs with a larger investigation
of Babylonian »algebrae (work in rogress; preliminary report in
[Heyrup 1984|, presentation of maln results in [Heyrup 1986}).

- i8 -



INTERFPRETING 71/

With this in mind we shall return to the Greek material —
first to the concepts scommensurable In respect of lengthe
(ufiker odgpetpol) and »commensurable in respect of dyna-
misa  (Svvaper ocodupctpol) from Elements X, def. 2-3, Two
straight lines (cbdBefar ypappel) are commensurable sin
respect of length« if they have a common measure when each
is regarded without sophistication as a length—a ufikog.
They are commensurable sin respect of dfnamise when the
tetragons on them have a common measure—that Is, when the
two lines themselves are commensurable if regarded the Babyion-
ian way, as representing squares. The common grammatical form
(the dative} of upfiker and Svvaper suggests that the two
terms should stand in the same relation to the straight lines:
since the line can indubitably be apprehended as a length, it
should also be possible to apprehend it as a dynamis (and it
should be seen so in scommensurability in respect of dfnamiss).
But the parallel leads still further: Since in the former case
the lengths themselves have the common measure, in the latter
case the dyndmeis must be the things measured (remember that
the Greek measuring procedure is a process of covering or
taking away, cf. the anthyphairesis). The dynamis can hence
hardly be anything but a mithartum, a square identified with
its stde (but still of course possessing an area to which a mea-
suring number can be ascribed). Otherwise expressed, the dyna-
mis 1s a line seen under the aspect of square.

If instead of commensurability we had looked at ratio dynédmei
and mékef, as known from Archimedes, the same arguments
could have been developed. In both cases it becomes evident
why we never find expressions like scommensurability in respect
of tetragons or sratio in respect of tetragons: Tetragons them-—
selves are commensurable (if they are) and in possession of a
mutual ratio-—they are not aspects of a line. The absence of such
expressions will also follow from Taisbak's interpretation of the
term; it is, however, somewhat entgmatic if »d¢namis« is believed
to be nothing but another word for stetragons, Why, in fact,
should Elements XI1.2 when reformulating the Hippocratean
theorem thut circles have the same ratic sas their diameters
dyndmeie also change the grammatical construction if it had
been weaningfui to speak of ratios tetpdyeve? Truly, gramma-
tical habits might have changed over the centuries, but this
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would then affect both terms had they been really synonyms
{as, In fact, we see in Pappos' late mix—up}.

If we turn to Theaetetus, the first use of dfnamis as =
ssquare of three [square] feet« is of course in harmony with
the interpretation of the term as a mithartum—p{novg, »of
three feets, is an adjective and hence not necessarily to be
regarded as an identity). The later passage ls more interesting,
where the young Theaetetos introduces his definition distinguish-
ing two sorts of lines (ypoupci): On one hand a line which
can be »spoken of« as a length, i.e., a line the length of which
can be measured by a rational number which can be used as its
name; such a line is called a slengths, 2 pfikog. On the
other hand a line which can only be »spoken ofe, l.e., be given
a numerical name, when regarded under its aspect of dynamis;
such a line is called a d¢namis (It will be remembered that the
Greek term translated as »rationale is pntég, meaning »which
can be spokene).

According to the mithartum—tinterpretation, the definitions
introduced by Theaetetos are no longer shocking, clumsy, or
childish, as they have been regarded by various authors. Theae~-
tetos does not call a sguare root a square, or anything like
that. Truly, any line can in advance be regarded as a dy¥namis,
and Theaetetos restricts the use of the term to such lines which
in a certain sense are onjy to be spoken of as dynameis. This
is, however, a precise analogue of another well-known Greek
dichotomny: Some numbers are asquare numbers«: They can be
rengendered as equal times equale ({gov 16dkig v{yvesBar),
i.e., produced as the product of two equal factors. In principle,
a ssquare numbers is alsc soblonge—it can be produced as the
product of unequal factors: 4.4=8.2; 8.3=9.1. The name
»oblong numbers (&prOpdg mpopfikng) is, however, reserved
to such numbers which are only oblong, i.e., to non-square
numbers. This delimitation is introduced by Theaetetos in the
same dialogue just above the sshockinge definitions of :lengthe
and »d¥namis« (147e9-148a4), and nobody has ever been shocked.
Yet, according to the mithartum-interpretation, the logic of
the two definitions is strictly the same. No puzzles are left.
The Theaeleius-passages, as well as the total material on the
sgeometers' dynamis, fits the interpretation of the dynamis as

a concept of Lhe same structure as the Babylonian conceptual-
ization of the square.

As already stated, the connotations between dynamis, com-
mereial worth, and confrontation of force is a feature shared
with the babylonian mithartum. No Babylonian mathematical
term equivalent to dynasthaj exists, however. Nor appears
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there to exlst in Babylonian mathematics any concept or proce-
dure which necessitates such a word. So, even if the d¥namis
may be imported or inspired from Babylonia, the term dy¢nasthai
appears to be a genuine Greek development due to the integra-
tion of the dynamis-concept Into the theoretical structure of
Greek geometry. We see In Theaetetus 148b2 a possible way for
such a development, when Plato speaks of »the plane figurese«
which the lines dynantaj, l.e., shave in their power to form
when seen dyndmefs or »are worthe under the same aspect.
This could also be the metaphorical sense of which Aristotle
speaks in Metaphysica 1019%32f, and it suggests that the Greeks
may have conceptualized the term in Taisbak's way in the mid-
fourth century (and maybe earlier), independently of its origin.
This, in connection with the equivalence- and being-worth-
connotations of the verb could then easily lead to the general
loose usage where lines or surfaces (Hero!) can be sald to
dynasthai other lines or surfaces, but where in all cases the
equality Involved is one of surfaces, not of lengths.

On the other hand, the dynamis might also stand for a
mithartum-like concept without having been borrowed at the
conceptual level: Both concepts could have developed indepen-
dently on the basis of analogous or shared measuring prac-
tices'®. In this case, the shared secondary connotations of the
two terms must be considered accidental (which, given the
connotative richness of both languages, could easily happen).

* 1 am pgrateful to Professor Tilman Krischer of the Frele
Universitat Berlin for pointing out the importance of this possi-
bility in his comments on an earlier version of the present paper.



s CALCELA TORS ™ DY NVAMISe REVISTTED

So, if we restrict our reflections to the sgeometers' dynamiss,
conceptual borrowing and independent development of analogous
conceptualizations of the square figure are equally good causal
explanations of the apparent mithartum-structure of the Greek
concept. This, however, throws up the question of the »scalcu-
lators' dynamiss. If, as it was argued, Greek calculators may
plausibly have been in possession of second-degree algebra
showing terminoclogical continruity until Diophantos, it can hardly
have been an indigenous development; it will have been inspired
(or, more probably, imported} from some Middle Eastern algebra
descending from the 0©Old Babylonian tradition. Now, 1 have
shown elsewhere that Old Babylonian salgebras cannot have
been arithmetical, i.e., conceptualized as dealing with unknown
numbers organized by means of numerical operationsis. Instead
it appears to have been organized on a basis of snaives«, non-
deductive geometry, of a sort related to that used by al-Khwa-
rizmi in his Algebra to justify the standard algorithms used to
solve the basic mixed second-degree equations (see [Rosen 1831,
13-21], or one of the pubiished Medieval Latin transiations, e.g.
(Hughes 1986, 236-241)), but of course without his Greek-type
letter symbolism. Since the Arable treatise menticned in note
11 was still of a similar sort, a descendant which inspired
Greek calculators can hardly have been much different. Even
early Greek -scalculator-algebras will then have dealt with
»teale lines and squares, not with sums and preducts of pure
numbers!?. Truly, the »reale lines and squares may have been

rows and patterns of pebbles on an abacus-board, rather than
the continuous lines of a drawing—cf. below.

% Once more, documentation would lead too far astray—cf.
note 14, above. The simplest part of the evidence comes from
an analysis of the terminological structure of the texts. Two
different sadditives operations are kept stricﬂ{ apart in & way
which gives no meaning inside an arithmetical interpretation
l.e, if the Lerms were synonyms for the one and only numerica
addition. Similarly, two different ssubtractions. and four different
smultiplicalionss ‘are distinguished.

7 If we take Plato's testimony at its words, it suggests the
same. The third power was spoken of as the sthird tncreases,
which fits well with a spatial conceptualization but rather
badly with an arithmetical represcntation before the introduction
of exponential symbolism or spatial representation, Arithmetically
we would have the number itself, the increase (i.e., the second
power), and the second increase, \.e., our third power.
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At the same time, that branch of 0l1d babyionian mathematics
where mithartum and ib-sie turn up most frequently is
the »algebra«. S0, If a conceptual import into Greece has taken
place, the plausible channel is scalculator-algebra« rather than
theoretical geometry. This would make the scalculators' dynaimise
the primary and the sgeometers' dynamis« a derived concept.

Hero's curious phraseology (sdyndmei 25, which is mékei
S5«¢—cf. above) might then belong rather with his calculator-
than with his Archimedean affiliation. It belongs indeed with a
numerical calculation. As in Republica 587d, the same concrete
entity is represented by several numbers: and as in the second
passage {rom Theaetetus, the mathematics of the passage suggests
the translation sroots. If the segregation of a geometrical
dynamis was only taking place during Plato's {and Theaetetos")
youth, these specific parallels between Plato an Hero are probably
manifestations of the closeness of both Lo calculators’ usage.

If, on the other hand, the dynamis-concept was indigenously
developed, we would rather expect its origin to belong with
geometry and mensuration. This would make the »calculators’
dynamis« a metaphor, and suggest that logistics had already, in
spite of its dependence on pre-sclentific sources and methods,
come under the sway of scientific mathematics in respect of
metapherics and conceptualizations around 400 B.C. If one
thinks, e.g., on the balance between references to logistics and
to the purer branches of mathematics in the eariler part of the

Platonic corpus (inciuding Republica and Timaeus), this seems
highly improbable.



THE DYNAMELS OF FIGLURATE NUMBERS

An origin of our term in logistics will also fit its use in the
sPythagoreans theory of figurate numbers better that one in
theoretical geometry. Here, indeed, the word turms up in a way
which could well be related to the use in a opebble—algebras
but not to its geometrical function.

By »spebble-algebraw« 1 refer to a possible representation of a
second-degree salgebra« in Babylonian style by means of pebbles
on the abacus board. Indeed, who says scalculatore In a Greek
context says spebbles or wyfidog—the mmain tool of the calcu-
lator being the abacus with appurtenant pebble calcull. It is
also a well-established fact that the sdoctrine of odd and evena,
as well as the whole theory of figurate numbers, grew out of the
patterns in which pebbles could be arranged (cf. [Lefévre 1981]).
If some calculator algebra was In use in Classical Greece, it is
therefore natural to assume that it was performed (exclusively
or occasionally) with pebbles on the abacus boardie.

This observation is interesting for several reasons. Firstly,
the interest in figurate numbers (including the ssquares and
soblong« numbers spoken of by Theaetetos} ceases to be the
result of some play with abacus pebbles irrelevant to their
nermal use. Square, gnomonic and obleng numbers occur naturally
as soon as one tries to represent a mixed second-degree problem

on the board. So. e.g. the problem x+y=8, x.-¥y=15 |is
represented and solved thus:

A B c D
AE@an REER ARen sRAER
ERARE => BHpEEE => aERE => 68Bb8EA
oEang amEa Soma [1-f-0-1 ]

-1- 1] Bamo

The virtual starting point for the analytical i)rocedure is a
pattern of 15 pebbles (A), where the length and width taken
separately are unknown, but where their sum Is known to be 8.
In the real process of solutlon we therefore start by laying out
a gnomon wilth 8/2=4 pebbles in each leg, and fill out
inside until all 15 pebbles have been used (B). This shows that

18 Since the abacus appears first to have been borrowed in
form of a dust abacus from the Near East (c[. above, note 11),
and since this device was used for lgeometrlc drawings throughout
Antlquity, occasional use of real drawings on a dustboard is
also a posstlnllter near at hand, which in fact appears to fit
Nipsus' problem (see note 10) better than pebble manipulation.



la square of I.1=] I pebble is lacking in order to complete the
square (€}, and that hence I row has to be moved from bottom
to the right In order to actualize the virtual rectangle {D)1o.

Apart from the occurrence of oblong, gnomonic and square
numbers (all of them basie entities in the theory of figurate
numbers) we see that one of the basic theorems of the theory
follows immediately from the procedure— viz., that the sum of
the first n odd numbers equals nZ. Even the triangular num-~
bers and the theorem that the sum of two consecutive triangular
numbers makes up a square number are seen on the figure,
although these observations play no réle in the process. As
soon as one starts reflecting theoretically on the patterns,
triangular numbers and their properties, as well as those of the
gnomonic, square and oblong numbers, turn up as obvious
questions?®; the theory of figurate numbers emerges as a
theory on the general properties of existent tools and practices
instead of being an idle play picked up from nowhere.

Secondly, an astonishing use of the term df¥namis in Pytha-
gorean or Neopythagorean arithmetic becomes meaningful. In
configuration €, the mithartum-dynamis is evidently 4. This
Is the line which »squares off« the complete pattern, in Theae-
tetos' words. Now, the term turns up in Nicomachos' Intreduction
to Arithmetic in a way which could easily be explained as a
generalization of this usage but which is otherwise anomalous.
If we look at configuration A, we see the number /5 being
arranged in thirds—according to Nicomachos in parts which sby
namea {4évopor{) are 3 and dyndmei (or kett Sbvapurv—
both forins are used) are 5 (see, e.g., I.viil.7, 16f). This is no
far—fetched transfer of the meaning in ¢ even though the
contact to the geometrical meaning is lost.

Other 1st or 2nd century (A.D.) doxographic sources suggest
that the usage is not an Nicomachean idiosyncracy. They have
to do with one of the central Pythagorean concepts, the tetractys
or decade drawn up as a triangular number:

19 1f the problem had been x-y=2 X-y=15, step B would
instead involve that we start with the inner gnomon, the one
with legs contlaining 2 pebbles, and add new layers at the out-
side. Apart from that, the same configurations would have to

be used. 0dd values of X2y, on the other hand, require
further refinement,.

20 In his investigation of the prehistory of incommensurability
Knorr [1975, 143ff} comes to similar Jxehble-conl‘l urations and

conclustons from another angle and deals with the matter in
much more detaii.
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According to Aétius (Placita 1.3.8), the Pythagoreans =declare ...
that the dynamis of ten is in four, and in the tetrad: (t&v
Séxa omoiv & BJdvapig totiv Ev tol¢ téccapol kel i
tetpddl) (Fragment 58 B 15 [Dlels/Kranz 1951 1, 5441]). This
Phrase is ambiguous taken in itself, and could well mean that
the power of the magical number 10 resides in its possible
triangular arrangement as tetractys. Hierocles, however, is more
explicit in a commentary to supposedly early Pythagorean wri-
tings, stating that sthe dynamis of the decade is the tetrade
{tiic d8¢ Sexddog Bdbvaprg f  tetphg)  {|Mullach 1875 1,
464B], quoted from [Souithé 1919, 23]). So, these two doxo-
graphers {(who will hardly be suspected of innovative mathematical
terminology) appear to refer to a generalization of the concept
of dpnramis different from but very close to that of Nicomachos:
Once more, the :base« of a non-square flgurate number is
taken as its characteristic parameter and given the name belong-

ing to the same parameter in the case of a square figurate
number,
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LFLURITHER OBSERVATIONVS

Can we get any nearer to the process, or has the meager
material now been exhausted? We can in fact squeeze the sources
harder, observing that the two sintermediate« Platonic dialogues
contain the expression kotd &6vapiv, whereas the late dia-
logues {Theaetetus, Politicus} as well as all other authors {except
the non-geometrical Nicomachos) invarlably use the simple
dative dynamei. This suggest that the techniral use of the term
was only crystallizing In Plato's later years, around the mid-
fourth century; by then, on the other hand, a fully technicalized
»geometers' dynamise was crystallizing.

Firstly, this observation makes it highly doubtful whether
Hippocrates' own words are rendered exactly in the Eudemos-—
fragment, which agrees so perfectly with the style of late
Platonic, Aristotelian, and Archimedean occurrences?. it would
rather contain Eudemos’ reformulations in his own phrase struc-
tures of Ilippocrates’ ideas, concepts and basic terms (including
probably some forms of d¥namis and dynasthaf). This conclusion
is independent of all other hypotheses on the meaning and
origin of our terms.

Secondly, cautious assumptions on the temporal distance
between the introduction of a mathematical terminology and its
crystallization in fixed linguistie forms {wviz., the assumption
that actively interacting environment this distance should be of
the order of one or two master-student~generations) support
our earlier conclusion that the segregation of a distinct sgeome-
lers' dynamis: from a nalve-geometric or pebble~based calcu-
lators' concept will have happened during Plato's vouth or
shortly before. A central réle could then perhaps be ascribed to
Hippocrates and Theodoros.

An observation made by Neuenschwander {1973, 329ff} may
indicate in which connection the innovation took place. The
early bhooks of the Elements use time and again a principle
which is neither proved nor stated as an axiom, viz.,

AB = CD <=> (AB)* = (CD)?

Now, it follows from Neuenschwander's analysis that when this
principle is applied in books II and 1V, it is mostly stated
explicitly. When it is used in books I and 1li, however, it stays

2 The same doubt as to the Iliteral precision of Eudemos'

quotation was recently formulated by Knorr [1986, 38{] on the
basis of other evidence.



implicit, except in 111.35-36; precisely these two propositions
deal with areas of parallelograms, and their subject-matter is
thus related to that of book 1I. We may conclude that only the
tradition behind books II and IV, the »metrical traditions dealing
centrally with areas of plane figures and continuing itself in
the theory of irrationals, will have been in possession of a set
of concepts making it natural to notice and formulate the
application of the principle, which is nothing but the inter-
changeability of equality mékef and dyndmei. This agrees perfect-
ly with a Near Eastern borrowing, because the branch of geo-
metry which could be inspired from Babylonian snaive-geometrics
algebra (or a Greek »calculators' algebras, for that matter) is
precisely the so-called »geometric algebras of FElements II (I
shall not mix up the discussion of this much-debated term
with the present investigation). It also fits well with the bran-

ches of peometry which later make use of the dynamis idiom:
Elements X and Xl1II, ete.

A Tfinal observation to be made concerns the very idea of a
sconceptual import«. Truly, the translation of dynamis into
mithartum makes good sense of all occurrences of the term
prior to Pappos. Still, the »geometers' dynamis« belongs within
a conceptual context differing fundamentally from that of the
mitirartumn, from the principle that the concepts of a connected
body of thought are themselves connected we should therefore
expect that the idea of a translation can only be approximately
true.

This is in fact borne out by closer analysis of some of our
Greek texts. In the definition of »commensurabllity dyndmei« in
Elements X, the entities which are explicitly measured by an
area (yx®poc) are the tetragons on the lines. Implicitly, how-
ever, the expression defined supposes that the [ines regarded
in their aspect of dyndmeis are measured {since the lines them-
selves are com-mensurable in that aspect). Earlier, in the Eude-
mos—fragment, bases and diameters themselves are sald explicitly
to have a ratio {viz., the ratio of the areas of their squares)
under the samc condition. This must mean that the area belong-
ing with a line regarded as parametrization of a square figure
is less of an external accessory than the area of a Babylonian
mithartum—the Greeks, apprehending the tetragon-square as
well as circles and other plane figures as Identical with their
arcas tended to assimilate the dynamis—-square to the same
pattern®. In the c¢ase of the scalculators' dgnamis« this

22 Conversely, the Greek concept in its exact form could of
course have no place with the Babylonians. A Babylonian line



becomes even more evident, since the Diophantine dynamis has
taken over the numerical réle in his problems which the area
(a-%4a or eqlum} and not the mithartum takes up in Baby-
lenian texts.

Precisely this conceptual incongruity is probably the reason
that the terms dymamis and dynasthai disappear from the
active vocabulary of geometers by the early third century except
In specific technical niches (commensurability dyndmel) and
formulaic expressions—they did not fit the mental organization
of Greek mathematics once its various branches and disciplines
had gone into the melting-pot of Alexandrian learning.

As to the term dgnamis itself, it is clear that the connota—
tlonal similarity to the mitpartum does not reflect a Babylonian
understanding of the square as a result of a confrontation of
equals or counterparts. If not accidental, the shared connotations
(invelving physical force and commercial value) will have to be
explained at the level of the »folk etymologye {the sfolke in
question being calculators or possibly geometers): As an attempt
to understand why the Semitic masters called a sline regarded
under the aspect of the appurtenant square« by a strange name
related to the confrontation of values and force, an attempt
then reflected in the Greek term chosen to denote the same
object.

Such a pseudo-etymology may from the beginning have been
connected to explanations proposed on the basis of Lhe Greek
language: The square which a line shas the power to forme, »is
worth« or rmasters«. Such metaphors may also have introduced
as secondary explanation when memory of a foreign origin had
been forgotten (which could have happened very soon). A »Baby-
lonian« and a »Greeks« interpretation of the term need not be

mutually exclusively; in some way they probably supplement
each other.

{and any other geometrical entity) is tdentified by, and con-
ceptually not distinguished from ils measuring number. A Greek
line, however, is conce tuall{ distinet both from the number of
unit lengths contained In it when regarded as a fength and

from the number of unit squares covering it when regarded
dynamel.



CONCLIUSIONS

As formulated by Berggren {1984, 402], there are in the
early history of Greek mathematics »sufficient documents to
support a variety of reconstructions but an insufficient number
to narrow the list of contending theories to one«. This pessimism
is confirmed by the impossibility f{o reach consensus on the
merits of such great reconstructions as [Szabd 1969] and [Knorr
1975]%3. For the time being, ne compelling reconstruction can
apparently be written; instead, further progress may be made
through construction of scenarios for all or part of the develop-
ment, which may lead us to leok for hitherto unnoticed features
in the scurce material at hand. Such scenarios should be inter-—
nally coherent and in agreement with available documents, and
should be compared with rival interpretations of history on
their merits in these respects; but they need not claim in ad-
vance to be necessary truths,

The above discussion is primarily meant to provide suggestions
for such a partial scenario, as it will appear from the abundance
of hypothetical formulations. Still, the knitting is not so tight
that all parts of the argument stand and fall together; nor are
they equally hypothetical.

Among the positively supported results is the distinction
between a »geometers' dynamise and a scalculators' dynamise:
Both groups made use of the term, but they did so for different
purposes and inside different conceptual frameworks, and hence
necessarily in partially different ways— vide the quotations from
Hero. Direct evidence was also given for the assighment of the
crystallization of the geometrical dynamis—usage to Plato's
late years,—and hence also for the doubt concerning the Hippo—
cratean o.igin of the exact formulations in the Eudemos-fragment.

The Interpretation of the geometrical dynamis—concept as »a
square identified by, and hence with, its sides is also supported
by the sources regarded as a totality 1n the sense that the
apparent ambiguities in the usage can only be surmounted by
an interpretation of this kind. The possibility that such a concept
can have been held is established through the mithartum-paral-~
lel.

More hypothetical are the primacy of the =calculators' dyna-
mis« over the sgeometers dynamiss; the interpretation of the

22 cf, also the review of a number of ongoing controversies
in [Berggren 1984},
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early »calculators' dfmamis« as belonging with a naive-geometric
or pebble-based »algebra«; the suggestion that the segregation
of a distinct sgeometers' dynamise is connected to beginnings
of the theoretical tradition behind Elements 1l in the later
fifth century; and the hypothesis that the dynamis Is structurally
similar to the mithartum because it is borrowed. Taken singly,
these are nothing but possible hypotheses; together, they appear
to form a plausible scenario fitting the complete available eviden-
ce, including evidence rarely taken into account {e.g., the finer
details of Plato's formulations in their chronology, the hidden
presence and absence of the dyndmel/mékei-relation in Elements
I~1V, and the peculiar Neopythagorean usage),

Independent but secondary observations are the disappearance
of the dynamis-usage and its sole survival in formulaic language
(which is no new idea); and the explanation of thls process in
terms of the incongruity between the »dynamis-square« and the

normal Greek conceptualization of squares and other plane
figures as identical with the surface covered.
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