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ABSTRACT

Through a broad structural analysls and a close reading of
0ld Babylonlan mathematical »procedure textss dealing malinly
with problems of the second degree it is shown that Oid
Babylonian salgebras was nelther a srhetorical algebras dealing
with numbers and arlthmetical relations between numbers nor
built on a set of fixed algorithmic procedures. Instead, the
texta must be remd as »nalves prescriptions for geometric
analysis -- nalve in the sense that the results are seen by
immediate intuition to be correct, but the question of correct-
ness never ralsed -- deallng with messured or measurable but
unknown line segments, and making use of a set of operations
and technlques different In structure from that of arithmetlcal
algebra

The Investigation involves a thorough dlscusslon end re-
interpretation of the technical terminology of Old Babylonlan
mathematics, elucldates many terms and procedures which have
up to now been enigmatic, and makes many features stand out
which had not been noticed before.

The second—last chapter discusses the metamathematical
problem, to which extent we are then entitled to speak of an
old Babylonian algebra; and the over-all Implications of the
investigation for the understanding of Oid Babylonlan patterns
of thought. It ls argued that these are not mythopoelc in the
gense of H. and H. A. Frankfort, nor savage or cold in a Levi-
Strausslan sense, nor however as abstract and modern as
current Interpretations of the mathematical texts would have
them to be.

The last chapter Investigates briefly the further development
of Babylonlan salgebras through the Seleucld era, demonstrating
a clear arithmetization of the patterns of mathematical thought;
the possible role of Babylonlan geometrical analysis as insplira-
ation for early Greek geometry: and the legacy of Babylonian
salgebrales thought to Medleval Islamic algebra.



INTRODUCTION

The following contalns an account of a broad investlgation
of the terminology, methods, and patterns of thought of Old
Babylonlan so-calied algebra. 1 have been engaged in thls
investigation for some years, and circulated a preliminary and
fairly unreadable account in 1984 (of which the item [Heyrup
1986] In the bibllography of the present paper is a slightly
corrected reprint). I have also presented the progress of the
project In the three Workshops on Concept Development In
Babylonlan Mathematics held at the Seminar fiir Vorderasiatische
Altertumskunde der Frelen Unlversitiit Berlin in 1983, 1984 and
1985, and Included summaries of some of my results (without

the detailed arguments) In various contexts where they were
relevant.

This paper i meant to cover my results coherently and to
give the detalls of the argument, without renouncing completely
on readabllity. The present preprint version is circulated in the
hope that corrections and critlcal comments will be sent to the
author soon enough to be taken into account In the final

Journal publication (provided any Journal {s willlng to publish a
paper of this length).

The paper contains many discussions of philologlcal detalls
which will hardly be understandable to historians of mathematlcs
without special assyrlologleal training, but which were necessary
it the phiiologleal speclalists should be able to evaluate my
results; I hope the non-speclalist wiil not be too disturbed by
these stumbling=-stones. On the other hand, many polnts which
are trivial to the assyrlologist are included In order to make it
clear to the non-specialist why current Interpretations and
translations are only rellable up to a certaln point. and why
the complex discusslons of terminologlcal structure and philolo-

gleal detalls are at all necessary. I apologize to whoever will
find them boring and superflucus.

It is a most pleasant duty to express already at this Inter-
mediate stage my gratitude to all those who have asslsted me
over the years,- especially Dr. Bendt Alster, Dr. Aage Westen-
holz and Dr. Mogens Trolle Larsen of Copenhagen Unlversity,
and to Professor, Dr. Hans Nissen, Professor, Dr. Johannes
Renger, Robert Englund, and Dr. Killan Butz of Frele Universitht
Berlln, together with all participants In the Berlin Workshops,
not least the indefatigable Professor J3ran Friberg of Gliteborg



University, Professor Marvin Powell of Northern Illinots Univer-
sity and Professor, Dr. Wolfgang Lefévre. Speclal thanks are
due to Professor, Dr. von Soden for glving always In the
briefest possible delay kind but yet precise criticlsm of every
preliminary and unreadabie paper I sent him, and for adding
alwaye his gentle advice and encouragement.

Everybody who foilowed the Berlin Workshops will know
that Dr. Peter Damerow of the Max-Planck-Institut fir Bll-
dungsforschung, Berlin, deserves the greatest gratitude of all,
to which I can add my personal experlence as made over the
last five years.

The Intelligent reader wlll eesily guess who remains respon-
sible for all errors.

I dedicate the work to my daughters Sara and Janne, for
reasons which have nothing to do with mathematics, Babylonla

or Assyriology, but much with our common history over the
years.

August 2, 1987

Jens Heyrup

Institute of Educational Research, Media
Studles and Theory of Sclence

Roskilide University Centre

P.O. Box 280

DK-4000 Roskilde

Denmark
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1. The startin oint: Mumbers or lines ~- in method ond in con-
ceptuvolizotion

For about 50 years it has been known that the Babylonians of
the 0ld Babylonian periud(1) (and later) knew and solved equations

of the second degree(Z) - like this(j)

Obv.I1,1. Length and width added is 14 and 486 X+y = 14

the surface. Xy = 48

2. The magnitudes are not known. 14 times 14 - 14 = 196
14 (is) 3°16°™) 48 times 4 (is) 3°12°. 48 -0 = 192

3. 3127 from 316" you subtract, snd 4 196 - 192 = 4
remain, What times what

4. shall 1 take in order to (get) 47 2 C*=4 = =2
times 2 (is) 4. 2 from 14 you subtract, 14 -2 = 12
and 12 remain.

5. 12 times 30° (is) 6. 6 is the width, To 12-% =6 =y
2 you shall add 6, B is it. 8 is the Z+6 = B = x

length.

This short text will serve to lucate the basic problem of
the present peper. Apart from the statements of the problem and
of the result, the text contains nothing but the description
of a series of numerical computations - it can be characterized

as an exemplification of an algorithm. Even problems 18 and 19

of the same tablet (MKT IIT7,16f), which describe a procedure wb-
stractly, do soon the purely algorithmic level: "Take !length,
width and diagonal times length, width and diagonal. Take the
surface times 2. Subtract the produck from the <square on length,
width and> diasgonal. Touke Lhe remainder times one half ,,.".

there are no explanations of the way the selution is found, no

Justificatiun of the steps which are made and, so it seems, no
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indication whatever of the pattern of thought behind the method.
Now it is an old observation that traditional aigebraic problems
canbesolvedbybasicallydifferent(thoughoftenhomomorphic)methoda
S0, if we look at aproblem of the type x+y=a, x.y =5, wewouldof
course solve it by manipulation of symbols., Most Latin and Arabic
algebras of the Middle Ages, from al-Khwirizmi onwards, would
formulate it that "I have divided 10 into two parts, and multi-
plying one of these by the other, the result was 21“(5); in order
to abtain the solution, they would call one of the numbers "g
thing" and the other "10 minus a thing”, and by verbal argument
{("rhetorical algebra™) they would transform it into the standard
problem ™10 thinys are equal to 10 dirhems and a square", the
solution of which was known from a standard slgorithm. Diophantos
would speak more abstractly of “finding two numbers so that their
sum and product make given numbers"(ﬁ); he would exemplify
the method in a concrete case, "their sum makes 20 units, while
their product makes 96 units™, and he would proceed until the
complete solution by purely rchetorical methods, formulated how-
ever by means of 2 set of standardized ubbreviations ("syncopated
algebra"(T)).

In the so-culled "geometric olgebra" of the Greeks, geome-
trical problems of Lhe same structure are solved(n). S0, in Euelid*s
Data, prop 85 ilis demonstrated by stringent geometrical construct-
ion that "if two lines contain g given surface in o given angle,
and their sum is also given, then they must both be given"(g).

Quite different geomelry is used by al-Khwarizmi to Justiry
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Figure 1. The geometrical figure by which
al-kKhwirizml justifies the solution

root = /(%)'-69 --122
to the problem "a square and ten roots

egual to thirty-nine dirhems*®
fx®+10x = 39),

48

“w = ow om ow

- 2+

Figure 2. & figure which can serve as
2 naive geometric fustification of the
computational steps of YBC 34568 NO 9,
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the standard algorithms by means of which he sclves the basic
mixed second-degree equations. To aveid any confusion with the
much-discussed "geometrical algebra" I will propose the term

(13). Since this concept will be fundamental

naive geometry
for the following, 1 shall present it more fully.

In order to justify his soclution te the equation "square
and roots equal to number", al-KhwirizmI explains the case
"a Square and ten Roots are equal to thirty-nine Dirhems“(11).
The number 39 is represented by a composite figure: A square of
side equal to the unknown “Root" and two rectangles of length 5
(=10%5) and width equal to the Root, positioned as shown in Figure
1 (full-drawn line). The gnomonic figure is completed by additionof s
square equal to $%=25 (dotted line), the whole being then a square of
area 39+25:=64, Its side being /64z8, the unknown Root will be 8-5=3.

We may feel comfortably sure that the argument behind our
Babylonian algorithm was not of the Euclidean brand - Babylonian
geometric texts show no trace at all of Euclidean argumentation.
We can also safely exclude the hypothesis that the Babylonians
made use of symbolic algebra(12). Finally, we can also be sure
that some kind of argument lays behind the text. Random play with numbers
might of course lead to the discovery of a correct algorithm for a
single type of equation, and such an algorithm could then be
transmitted mechanically. Still, the equation-types of Babylonian
mathematics are so numerous, and the methods used to solve them so freely
varied that random discovery cannot explain them. Some mental
(and perhaps also physical) representation must have been at
hand which could give a meaning to the many intermediate numbers
of our algorithm (196, 4, 192, 4, 2, 12, %) and to the operations
to which they ere submitted.

We cannot, however, read out of the text whether this repre-

sentation was of rhetorico-arithmetical character or should be
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described as naive geometry. Truly, the "length", "width" and "surface"
might seem to suggest the latter possibility. But even Diophantos
used a geometrical vocabulary (“sguare", "application™) which
was only meant to suggest the arithmetical relations involved;
similarly, the Arabic and Latin algkbras of the Middle Ages would
speak indifFerently of a second power as “sguare™ or "property"”
(and of @ first power as "thing” or "root")}, intending nothing
but suggestive words which might Fill the adequate places in
the sentences. So, no conclusion is possible on that level.

The procedure leaves us in no better situation. It is easy
to devise a rhetorical method which yields the numbers of the

text as intermediate results,- viz. a verbal translation of this:

x+y = 14 Xy = 48.

(x+y) = 196 ; 4xy = 192

(x-y)?* = (x+y)? -caxy = 196 -192 = 4

x-y = {4 = 2 (the length is normally supposed to exceed

the width; hence, no double solution will
arise)

2y = {x+y)-(x-y) =14-2 = 12
y = %+12 =z &6

x = (x=-y)+y = 2+6 =8

It is, however, just as easy to devise a geometrical figure
on which the correctness of the solution and of the singles steps
can be arqgued naively-- see Fiqure 2, Here, a geometrical counter-
part of every single number occurring in the calculation can be
found. So, the algorithm leaves us in a dead end: 1t Fits equally
well to a rhelorical argument by arithmetical relations and to
an argument by naive geometry.

Concerning another aspect of the question arithmetic/naive

geomelry we are mo better off than in the case of the method,-
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namely regarding the conceptualization of the problem itself:

Was it seen as a problem of unknown numbers (represented perhaps

by the dimensions of a geometric figure), or shall it be taken at
its words, as a problem really concernsd with unknown dimensions
of such a Figure?

That this latter question mwust be separated from that of the
character of the method ¢€an be seen from comparison with other
algebraic traditions. It is clear that Modern mathematics thinks
of a set of equations like "x +y =14 ; x "y = 48" as concerned
with numbers, and that we understond the operations used to solve
it as purely arithmetical operotions. So, the bagis of Modern
algebra is arithmetical in conceptualization as well as method(13).
It is equally clear that we meet with lots of concrete problems,
e.g. of a geometrical sort, which we translate into algebra and
then solve by algebraic methods. In such cases, our conceptuali-
zation is concrete, e.g. geometrical, but our method is arith-
metical - concrete entities are represented by abstract numbers.

On the whole, the saome description would Fit the
Medieval algebraic tradition, with one important exception: The
al-Khwirizmian justification of the solution to the mixed second-
degree equations, cf. above. There, the conceptualization
of the problems is as arithmetical as everywhere else in al-Khwé-
rizmi's algebra - but the method is naive gecmetry, where lines
and surfaces represent the abstract numbers. Basic conceptualizatii
and method need not ceincide.

To anybody reading Babylonian algebraic sources it will be
obvious that the conceptualizations of the problems are as varied
as those of lModern algebra. Some are quite concrete geometrical
problems - partitions of triangular or quadrangular fields, calcu-

lations ot the volumes of siege ramps, etc.; some anre formulated as
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pure number problems, concerned s.g, with a pair of numbers
belonging tegether in a table of reciprecals; the main body of
texts, fFinally, deal with "lengths", "widths" and "surFfeces"
which cennot @ priori be interpreted at face value, nor however as
arithmetical dummies., Anyhow, there can be no reasonable doubt
that these latter problems represent the basic conceptualization
of Babylonian algebra, and that their "lengts" etc. are the

entities which represent real lengths as well as numbers when

such magnitudes occur in other problems.

There are, then, two mein aspects of the problem investigsted

below. Firstly, whether the method used in 0ld Babylonian algebra

was arithmetical {rhetorical or related) or naive-geometrical.

Secondly, whether its basic conceptualization was arithmetical or

geometrical(1ﬂ

and derived discussions will be spun, in order to give an all-

- Around these basic questions a web of other related

round picture of the discipline,
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Il1. The obstacles

Neither the terminology nor the procedure of the problem
translated above would permit us to decide this question, or
just to approach it. In this respect, it is similar to a great

has therefore
many other Babylonian texts, For balf 2 century, it 7 been the
prevailing opinicn among historions of mathematics
that at least the surviving and published texts will
not permit us to solve the dilemma arithmetic/geometry. At
the same time, most historians have implicitly or explicitly

{15)

tended to favour the fully arithimetical hypothesis - with

the partial exception of Kurt Vogel, A.A. Vajman and B.L. van
der Haerden“s).
Until the Summer 1982, 1 shared these common opinions and

prejudices (as I would pow call them). At that time, however,
I was inspired,by an interpretation of a puzzling text(17) and
by a critical question from Peter Damerow for my reasons, to
look for traces of geometrical thought in other texts. Since

then my knowledge of the language has improved so much that I
N _ textual . (18)

ave come to regard my originsly inspiration as totally wrong B
But like another Columbus I hed the good luck to hit land on a course
which I had chosen for bad reasons. A close reading of the texts,
and the use of methods closer to those of contemporary humen scien-
ces (linguistics and structural semantics as well as litersry
analysis) than to those traditionally used in the history of Ancient
mathematics, revealed that the arithmetical hypothesis cannot be
upheld, As it is always more difficult to verify than to Falsify, I
cannot claim that the investigation has proved a specific geometri.
cal interpretationto be correct; still, the geometrical reading gets
very strong support, and I think it can be taken For sure that the 0ld
Babylonian algebra must st least have been structurally iso-

morphic to a representation by naive geometry, while the
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arithmetical representation is only a homomorphism.

It will be clear from the following that my results
could pnot have been Found without methodological innovations.
So, we should not wonder that the evidence against arithmetical
thought has gone largely unnoticed for 50 years, and that the
interpretation which Neugebauer characterized as a "first approx-

{19)

imation" in 1932 has stood unchallenged since then.

This may sound cryptic to readers who are not familiar with
and texts

the cuneiform script) and may require an explanation. The Babylonian
texts were written in a Semitic language (Akkadian) which has been
dead as 8 literary language for two millenia (and a3 & spoken
language even longer), with strong, at times all-dominating
admixtures of loanwords from snother language (Sumerian), which
was probably already dead around c. 1800 B.C. except as a literary
language used by the restricted circle of scribes, and of which
no relative is known. Even the interpretation of the Akkadian
language is far from completed, and the situation for Sumerian
is still worse(zn). To add to the confusion, the script used
consists of signs which may stand for onme or (normally)} several
phonetic values {not necessarily close to one another), and for
one or (often) seversl semantic ("ideographic") values, i.e.
values as word signs (“logogrsms"fz}hr Sumerian words and seman-
tically related Akkasdian words,- the connexion between the different
values being rooted in gemantic affinity, in phonetic affinity in
either of the two languages, or simply in the confiation of
(22)

originally separate signs To all this may come trite

problems of legyibility, due to careless writing or bad preservation

of the tablets.
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Happily, the system was also ambiguous For the Babylonian
‘scribes themselves, and they developed certain aids for avoiding
the ambiguities (phonetic complements to logograms; sewantic de-
terminatives). Furthermore, inside texts belonging to a specific

of a given sign

type and period, the range of possible valuesyis strongly re-
stricted. The restrictions, however, have to be discovered; hence,
extensive knowledge of a whole text-type is required before the
single text can be safely transliterated into syllabic Latin
writing.

On this background, the immensity of the task solved in the
1930es by Neugebauer and Thuresu-Dangin will be seent To decipher
the phrasing of the mathematical texts, and to discover the mathe-
matical meaning of the terms. First when this is done in a way
which can be relied upon can the question of conceptualizetion
be raised in earnest.

Raised ... but hardly sclved by direct methods., Just because
the language of the single text-types is specific, we must regard
the terminoloyy as technicglixse:tli-"i(et?mic?r!om modern languages that
the semantic contents of a technical term is not necessarily
unravelled by etymological studies. The etymology of "perpendicular”
would lead us to the pending plumb-line and thus to the verticsal
direction., A posteriori we can understand the way fFrom here to
the right sngle - but we connot predict a priori Lthat “vertical”
will change into "right angle", nor can we even be sure that a modern
geometer thinks of verticality when he uses the standard-phrase
and raises a perpendicular(z}).

The situation is not very different in Akksdian, or in Semitic
languages in general. An example froa?aebrew on which I shall draw

below will show this. *bq has, as a verb, the meaning "to fly away".

Hence we have nominal derivations "(light} dust" and “pollen®
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(HAHw, 78); from "light dust" probably the tablet covered
with light dust or sand, the "dust abacus",- and from here appa-
rently the "abacus" in general(za). Who would imagine that the heavy
table on which stone calculi are moved was, etymologically, some-
thing flying away?

Truly, the character of Semikic languages is such that the
basic semantic implicetions of the root from which a word derives
are rarely or never lost quite of sight - the;;zonserved at least
as connoctotions. Such conservations are lorced upon the users of
the language by its very structure(ZS).But a requirement that
there should be a semantic umbilical chord between the general and
the technical meaning of a term can at most be used as a control
with hindsight, when the technical meaning has already been
interpreted tentatively. It can tell nothing in advance.

In principle, technical terms should therefore be interpreted

from technical texts. Here, more than anywhere else, the Wittgen-
steinian dictum should be remembered: "Don't ask for the meaning -
ask for the use". Then, however, we are led into a vicious circle:
Our sole access to the use of the technical terms is the body of
texts, which only tell us sbout the use if we understand their
terms. As longas two conflicting interpretations of the terminoclogy
both permit coherent understanding of use and meaning, neither
can be rejected. And indeed, if we believe ipn an arithmetical
interpretation of Babylonien algebre, we are lad to an arithme-
ticel interpretation of the unknown terms describing its opera-
tions, and thus to a confirmation of our initial beliefs; initial
belief in » geometricel interpretation is, however, equally self-
confirming.

Let us take an example, the phrase

10 1tti 10 Sutdkil-ma: 140" (260
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itti can be translated "together with", and the enclitic particle
~ma by "and then" or "and thus", ot it can simply be represented
{as I shall do in the following) by ":". So, the phrase
can be partially translated as

10 Syt3kil together with f10: 1°40°,
and so we know that ZSutdkil represents an operation which Ffrom
10 and 10 creates 1°40°= 100 - either an atithmetical multipli-
cation of pure numbers, or a geometrical operation creating a
rectangle with sides 18 and 10 and a corresponding surface of

100, The Formcan alsobe recognized as the imperative of a recipro-

cative ceusative stem derived from akalum, *"to eat", or from
kullum, "to hold" (in which case the transciption ocught to be
sutakrl)un.uence we have the interpretation

Make 10 and 10 eat/hold each other: 100,-
or, if we do not see what "eating" er “holding" has to dowith the matter,
and i f we want to keep the question explicitly open, we may represent
the semantic basis through a dummy X(:

Make 10 and 10 X each other: 100.
Inboth ways, we get something like idiomatic English as translation
of the phrase. Still, concerning the question arithmetical versus
geometrical interpretation we are ho more wise.

Truly, most standard terms of Babylonian algsbra look less

opaque than “mutusl enting/holding® "To append” x Lo y" "to pile
up" x and y; "to tear out" or “tg cut off" » From y or to see
“how much y goes beyond x"; "to break x to two"j- all of
these can, as descriptions of additive and subtractive procedures
and of halving, respectively, be interpreted concretely, and all
seem to suggest an imagination wriented towsrd something mani-
fest, e.g. the procedures of naive geometry, rather than an abstract
arithmetical understanding. But so do the Latin etymologies of

waddition” and "subtraction"; like these, several of the Akkadian
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terms were established as standard expressions, and
some may have been fixed translations of age-old terms. There
may have been as little concrete substance left in them as there
remains of lead in a right angle.

On the level of single terms and their applications the texts

are thus not fFit to elucidate the conceptual aspect of Babylonian

algebra and mathematics.
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111. The structural and discursive levels

I started my seatch for traces of naive-geometrical thought en
precisely the level of single-tern spplication and literal meanings,
and 1 was soon able to draw the negative conclusions just presented.
At the same time, however, the close reading of the texts had led ne
to some real clues. One of these is the structure of the total
methematical terminology used in the Babylonian algebraic texts(zs).
The other has to do with what could be called the "discursive
aspect™ of the texts (as opposed to technical and terminological
aspects): The way things sre spoken of and exploined, the organi-
zation of explanations and directives, and metaphorical and other
non-technical use of seemingly technical terma(zg.

The clues implied by the discursive aspect of Lthe texts can
only be demonstrated on specific examples, and 1 shall pestpone
their presentation. Part of the evidence provided by the structural
evidence esn, on the other hand, be explained in abstract form.
Instead of retelling my Odyssey through the texts completely and
from the beginning(an), I shall therefore present some basic
tesults sbstractly before geing on to a selsction of texts in order
to penetrate further. Exemplifications and supplementary arguments
will be given on lhé basis of thesec texts.

In current English, the expressions "a times " and "a multi-
plied by b" describe the same process - they are synonyms. Which
one to choose im a given situstion is o motter of style - as will
be demonstrated Ly the fact that person A may choase the one in
a situation where person 0 would choose the other, or that the
choice depends on audience (school children wversus mathe-
maticisns) or medium {oral or written). We have two different

expressions at our disposal, but we heve only one mathematical

concept.



- page 14 -

The Babylonians had many multiplicative expressions: Hutdkulum

(whence Butdkil); nafim; il; nim; egépum; tab; a-rd § UL.UL;

UR.UR. The matter has, to my knowledge, never been discussed
explicitly, but it has been taken For grented and selfevident
that a11(31) described the same concept(}Z).

As long as an arithmetical conceptualization was itself taken
for granted {and taken fFor granted to such an extent that the
mere possibility of alternative conceptualizations was not recogni-
zed), this auvtomatic conflation of all multiplicatory concepts
was unavoidable: In an arithmetical conceptualization there is

only one operation to be described, there can be only one

concept(}}).

S5till, selfevident as it has uppeared to be, the conflaktion
is not true to Babylonian mathematical thought. The terms sre not
synonyms, the choice smong them is restricted by other criteris
than those of style, Laste and dialect.

Truly, some sets of terms are synonyms. il is the Sumerian
equivalent of na%dim, “"to raise", and it is used logographically
in exactly the same functions. nim, Sumerian equivalent of eldm,
"to be high” and used even for its Factitive stem "tomake high", is
used instead in a few texts. Similarly, Zultdkulum (and the logogram
kd) is replaced by UL.UL in certsin texts and by UR.UR in a few
others. But while the choice of a term inside a group is free,
the choice of the group from which a term shall be taken is subject
ko clear rules - rules which in a geometrical interpretation of

the procedures are easily stated,.
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IV. Basic vocobulary ond tronslotiongl principles

Host other classes of arithmetical operations are also subdivided
in 0ld Babylonian mathematical thought, ifwe are to judge from the O1d
Babylonian vocabular}’m.ns apreparation for the presentation of the
texts, I shall summarize in schematic Form the basic vocabulary and its
subdivisions, indicating in rovgh cutline theuse of each subelass. I
shall alsogive the "standard translations" of the terms which I am going
ko use in my translations of texts in the following chepters, to-

gether with the translations of the terms given in ﬂHN(3$.

Two difFerent “additions” are distinguished. The first is
described by the term wagdbum (Alw "hinzufiigen"}, and it is used
when something is added to an entity the identity of which is

conserved through the process (the nominal derivative gibtum

designates inter alia the interest, which does not change the
identity of the capital to which it is added). The Sumerian
dah is used as a logogram. In order to avoid associations to
the modern abstract concept of addition, I uvae the standard
translation "to append" for both terms.

The other addition is designated by kemSrum {AHw "schichten,
hidufen”}. It is used when seversl entities are accumulated into
ane "heap" (cf. the etymology of "accumulation" from “cumulus"),
which is identical with nelther of them. gar-gar
and UL.GAR are both used ideographically in the same functioéssx
spparently 8s pure logograms, for standard translations of
all three terms I use "to accumulote™.

While no separate name for the sum of an "identity-conserving"

addition is found {for good reasons, of course), the “accumula-
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tion"can be designated by various derivations of kamSrum: kimr&tum,
(37)

a feminine plural (whence my standard-translation "things

accumuylated"), pakmartum (standard translaotion "accumulated")
and kumurrim (“asccumelation”)}, gar-gar and UL.GAR can both serve

logographically in the same functions.

Even subtroctions may and may not ctonserve identity. The
"non-conserving® subtraction compares two different entities,
by means of the expression mala x eli y itter, "as much as x
over y goes beyond" (from watdrum, "ibergross, Gberschiissig sein/
werden®, with the logograms 51 and dirig). The most common term
for the "identity-conserving" subtraction is nasfhum, "ausreissen®,
with logographic equivalent zi. 1 shall use the standard trans-
lation "tear out". Another term with the same function (byt
apparently a slightly different shade) is hardgum, "abschneiden®

[ete.], st. trams), "eut off"., In specific situations, a variety

of other terms may occur.

The standard expression of themultiplicationtables is"x a-r 4

y" where x and y are pure numbers. 1t is also found in a few of
the problem texts (normally in double constructions, cf. below).
The semantic base is r 4, "to go" (e¢f. Danish gange, "times", from
gé, "to go", and the analogous Swedish terms). After having used
initially the modernizing standard translatiom "x timss y" for
"x a~-t4 y"I have opted for "x steps of y, mainly becsuse even
Seleucid texls remember this sense of the term, as revealed by
their use of a genitive for the second factor {(cf. below, section
X.2, BM 34568 NO 9),

The term es@pum and its equivalent tab -~ “to double” whence

even the extension "tompnke muitiple” ~- waos nlready mentioned. it is
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Figure 3. Fow to find by "raising® the height of a slope,
the number of bricks in a wall, and the area of a field.
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used for multiplicetions of any concrete entity by a positive and not too
large integer, and apparently meant as a concrete repetition of that entity,
When used to “wuke multiple", it occurs in phroses like "x ana n
egépum”, "to double X until n", or "¥ a-ré n tab", "to double X

n steps" (the deviasting use of a-r4 wiil be nuticedtja{ In all
cases, | use the standard transliation "to double®, since this

basic meaning cannot have escaped any Babylonian mathematician

and is inherent even in the sign for tab: &=

The third group is made up of naddm ("(hoch)heben, tragen"),
its Sumerian equivalent il (the normal logogram for nagdm), and
the Sumerian nim, apparently also used logegraphically in certain
texts, As mentioned above, the latter term means originally "be
high", equivalent of Akkudian eldm; perhaps it is used as o pseudo-Sunme-
ragram for the (factitive) D-stem ulldm of this word®?.
These terms are used for the normal calculation of concrete quantt-
ties by multiplication: When multiplying by the tabulated constant
("igi-gub") factars; when muttiplying by a reciprocal as a substitute
for division (cf. below); inall situations involving a factor of propor-

tionality; and when the areas of trapeziums, triangles and trapez-

cidsare found(an). As standard translations I use "Eo raise® for

naZdm and i)l (Lhe alternative "to carry" cannot be brought into

semantic harmony with nim). for nim 1 use "to 1ift".

It is not immediately clear what "raising” and multiplication have to
dowith each other. A possible clue is provided by the use of the expression
" 157 6F 1 cubit fheight]" ({1 with phonetic complement ~tum,
indicating a derivotion from paddm with ending -tum, e.qg.
Fig. 3 pagitum, a substantivized participle meaning "that which raises")
Pgles a3 a measure for the inverse gradient of a slope, i.e. the length
one has to proyress in horizontal direction corresponding to
ah elevetion of 1 cubiLM1k
Figure 3A shows the situation, demonstrating the role of the

i tem n as ¢ Tactor of proportionality, and at Lire same time that
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it can indeed be seen as "that which raises the slope 1 cubit".

Figure 3B shows the same in a less sophisticated manner (used

occesianally for that same reasen in modern elementary teaching),

closer to the Babylonian term that the Greek-type Figure 3A.
*Raising" is also used for two other types of "multiplication"

which are testified early in Mesopotamian sources: Brickwork

calculation and area calculation. That the calculation of the

total number of bricks in & wall from the number in one layer

can be regarded as an "elevation" of that layer is obvious

(interestingly, the term used when a wall is elevated n brick

layers is precisely wulldm -- AHw ZCIBtP’14 )

comparison of Figure 3B and Figure 3C shows that raising” of

a slope and "raising" of a wall can easily have been imagined

in s common way; Figure 30, fimally, indicates that consideration

of a rectangular area as consisting of unit-strips (which is

testified by the terminolegy, cf. below, section VII.2) can

have been understood metaphorically in the same way, as the

"raising™ of 1 strip to the total width of the field.

The last group of multiplicatory operations is made up by
Sutdkulum, "to make eat/hold each othee”, and its various semantic
cognates: i -kd-kd and i -ku (its logograms), UL.UL and UR.UR,
{Some further cognates turm up below under the heading "squaring").
In the algebra-texts, these terms are only used when an entity
which may be considered a "length" is multiplied by another
which is s "width", or by itself. That is, in a geometric inter-
pretation of the texts it is used when a rectangle or a square
is considered {in fact, as we shall see below, when it is
produced). To a modern mind it might be tempting to interpret this
as an indication that the term is used for the calculation of
an area, since this invelves the multiplication of two quantities
of dimension length. Fhe falseness of such an interpretation is,
however, obvious from the way the aress of triangles, trapeziums
and trapezoids are found: As soon as calculated average lengths

are multiplied, the term used is nafim, i1 or nim.

I1he interpretation of Futdkulum understood as "mutual eating”
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is less than self-evident. Truly, an idea which was advanced by
@2

Solomon Gandz in order to expiain the use of ykulldm, "ration

of food", as 2 term for the inverse gradient of a slope, could be

extended as a last resort: In Hebrew, a field covered by vines is

@3)

gaid te be "eaten" by the vines Similarly, a “mutual eating"

inherent in ButSkulum could be read as "mutual covering™. To “"make
length and width cover each other" should then mean "to make them
define/confine"” a surface -- viz. a rectangulat surface, since it
is fully described by length and width. The case where "length and
length” are made eat/hold/cover each utherma!on the other hand,
turns out to describe the construction of an irreqular quadrangle.
It would, however, seem much more obvious to conceptualize the

situation as a length and a width (or a length and another length)

. (or trapezoid)
"holding" between each other the rectangle/in question. In either

case the geometrical cantents of the metaphor is the same, the

two lines confining together a surface. For standard translation

I shall use the phrase "make A and B span" (which should be neutral
with regard to the twe possible derivetions though slanted towards
"holding"). Two texts (VAT 8390 and ADQ BB62, cf. below) make expli-
cit that surface construction is meent, telling that "length and

width I have made span: A surface I have built™.

The ideogram i -k -k seems to derive simply from the reci-
precity of the St-stem (the form i ~kd being a mere abbreviation:
it is mainly used in the utterly compsct "series texts"). UR.UR
and UL .UL have the same repetitive structure; their semantics
is probably best explained in connection with the concepts for
squaring, to which we shall turn next.

As it will be seen below, the term takiltum {read as SakIltum
inMKT 1), which tuerns up in specific connections during the solution
of second-degree-equations, must be related to 3utdkulum; 1 shall
use the term untranslated. Detailed discussions of its meaning
and use must await its sccurrence in the texts. At present it should
only be observed that according to all available evidence it cannot
derive from ak8lum, which forms no D-stem. Its close connection to
Sutidkulum implies that the same must hald for the latter term (in

which case, by the way, the correct transcriptionwill be SutakdilQum),
cfF. note 27).
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The two fundamental verbs belonging to Lhis ares are si,,
"to be equal", and mahdrum, “gegeniibertreten {(as an adversary,
as an equivalent)" etc. From the mid-third millenium onwards,
i, is used to denote o square as [a guadrangular Figure with]
equal sides. At approximately the same early epoch, it is also
seen to dencte the equality of the lengths alone or the widths

(45}

alone in quadrangles In the 01d Babylonian texts, it is Found

with a prefix as ib-s i}&ﬂ -- literally averbal form, probably
meaning "it muskes equal". It is used when squore-roots are ex-
tracted,- at times inside constructions where it stands clearly
as a verb, at times seemingly as a noun identifying the square-
root itself. In YBC 6504 (MKV I1I1, 22f) and in the “series
texts” it is used for (geometrical er arithmetical) squaring
{(cf. note 63}, and in one text(aT) it denotes an indubitable
geometric square.

1o a modernizing mothematical interpretation this looks like
primitive confusion: The Babylonians use the same term for a
square (number} end its square root. Such a reading is, however,

anachronistic, due to a pattern of thought which would have looked

confused to a Babylonian: We conflate the geometrical figure

chatracterized by equal (and mutually orthogonal) sides with

one of its attributes, viz., the area which can be ascribed to it
{the square "is"™ 2507, while it "has" a side of 5m). I%ib t::%ﬁgie
the figure with another attribute, !1;3&15 side (the square figure
"is* W0 nindan, while it "has" an area of 1 iku = 100 nindant)
Following a proposal by Jdéran Friberg(aa), 1 shall use the standard
translation "equiloteral” in cases where the term is used as a noun.
This should avoid the wrong connotations Following from the use

of words bound up with our own conceptual distinctions and confla-

tions. When the term is used as a verb, I shall use "Lo make equi-
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lateral"” - the reasons for this will be given below on the basis of

the texts.

mathematical texts in
mahdrum itself is mostly used in/the sense of "correspond Lo

{as equal)” (this is the standard translation which I am going
to use). The derivation mitbhartum (o nominal derivation, "thing
characterized by correspondence/counterposition”) is used to

denote a square (i.e., aswe shall see in the following chapter, a

geometrical sguare) -- once ugain identified with its side and

possessing an Brea(ﬁ?)_ 1 shall use the standard translation
"squared line". The verbal St-stem Butamburum ("to make corre-

spond to/stand against each other") is used for the process of
squaring (with only one number or length as the object), I shall

use the standard translation “raise against itself" {(viz. so thatl

a square is formed).

gabaf{-ri) appears
A Final important derivative is mehrum (for which Y to be used

logographically), "that which corresponds to/stands against its
equal®™, Its function is best explained in connection with occurrences

in the texts, so I shall postprone it. As standard translation I

use "counterpart”.

A number of other terms and signs belong to the same semantic
field. LAGAB {written KIL in HMXT amnd THMS) is used in one texésm
to indicate equality between shares in & field partition; in the
"Tall Harmal compendium"61) and in one of the Suss textésm it
denotes the usual square figure ("being” a length and "possessing®
an area). With some hesitation I shall treat it ss a logogram
for mithartum, giving it the same standard translatio#sm. NIGIN
(written KIL.KIL in MKT) is used in one Susa text®" exactly as
LAGAB, for the square figure. In the larger part of the Susa
corpus it could be replaced by Zutamhurum, as slso in some genuine
Babylonian textésﬂ. Finally it is found in a couple of Susa texts
with two Factorgsa, corresponding to the use of Sulikulum, This
practical sgquivalence with seversl semanticslly related yet glos-
sarially distinct terms makes it impossible to consider it a
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real logogram for any of its equivalences} hence, NIGIN is an
example of a non-logographic ideoqraﬂsn. Since the sign can
replace lawdm, "umgeben", sah3arum, “gich wenden’"herumgehen®

(and its derivative sihirtum, "gmkreis™), I shall propese the
gtandard translation "make surround” {(viz. syrround a sguare

or rectangular figure) and {square or rectangular) *gurrounding”,
depending en the word class required by context.

UR.UR is found in certain texts im constructions similar to
those with 5ut§ku1ud§m. UR itself is found in another late Old
Babylonian or early Kassite tengﬂ in the sense of "squaring",
and in general {(non-mathematical) language it can be used logo-
graphically {(with various complements) for i¥ténis, "like one",
"together" {(<igtEnum, “one"); for mith8rid, "carrespondingly”

— .

{i.e. "equally" or vsimultanously"; <mabdrum, cf. above); and

pid—L =R

for nakrum, "enemy" (probably derived From the association af this
concept with mabirum, ¢f. above)mu{ Because of the ideographic

but probably not logographic equivalence with maharum 1 propose
the standard translation "gppose”.

gL.uL is found in 7 tabletéﬁlz in all of whiech it is used
for squarings, in a way which could make it a logogram for
Sutamburum. But in cne of theﬂﬁm it is also used in the same
role as Sut3kulum, and in anothegﬁn it is also used as a substi-
tute for {b-si, in a situation where this term could be trans-
lated "as a square" or "ngquared”, and where it is kept apart
from Sutamhurum and its relatives. So, we have to do with yet
another idecgram to which no well-defined logegraphic velue
can be ascribed.

There is no self-evident explanation of the origin of the
term. Possibly, it is to be found through homophony: A sound
shift between L and R is possible in Sumeriadbm. Furthermore,

UL appears as a fare sign for the sound ur (viz. wr) as well

as ru {viz. ru,). Since already UR.UR appears to derive from

s homophonic shift (from UR,.UR,), a similar shift to UL.UL

should not be excluded (especially not since the application

of the two terms seems to coincide: mainly squaring but
cccasionally rectangularization). This is, however, nothing but

s hypothesis, and therefore | shall propese a distinct but semantically
analogous standard translation, "to confront".
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As it is later seen in Medieval elementary arithmetic, halving
is a separate operation in Old babylonian mathematics,- or, rather,
it occurs as o specific operatinn in certain specific connections,
Chief among these are the bisection of a side or of a sumaf opposing
sides when areas of triangles or quadrangles are calculated, and
the halving of the "coefficient of the first-degres-term” in the
treatment of second-degree equalions. The term used is the verb
hepGm, "zerbrechen", in connexions like "break into twe" or “half
of x breaok" (where | have used the standard translation
"break"). Certain texts use the Sumerogyram gaz.

The half resulting From & “breaking" operation is designated
bfimtum {occasionally abbreviated or Sumerisnized BA.A), a term
which 1 shall tramslate "half-part", It is distinguished from
the normal half, mi3lum (~Zu-ri-a), which designates the

number % = 30 as well as that half of an entity obtained through
multiplication by 30'“9.

According to parallels from other Semitic languages, bdmtum
was originally a designation for arib-side or for tﬁ%gﬁgf a8 moun-
tesin ridge, Probably because such a side or slope can be apprehended as
one af two opposing sides or slopes, the termis used ina variety of
situations where an entity splits naturally or customarily into
two parts, or where e.g. a building is composed of two wings,
In mathematicel texts, it is used similarly for the semi-sum of
opposing sides in @ trapezium or the semi-diemeter of a circle
-- e2ll being halves of entities falling naturally or by custom-
ary procedure into twe "wings™.

Below, we shall also see it in an important role in the
treatment of second-degree equations (section V¥.2. on BM 13901
N® %, and passim).
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Iv.6. Division

As it is well known, Babylonian mathematics possessed no
genuine operation of division. Division was a Erobiem. no proce-
dure. If the divisor b of a problem a/b wns reqgular (i.e. iF it
could be written in the Form 2%.38.5Y, in which case its reci-
procal would be written 28 2 finite sexagesimal fraction), and
if it was not too big, 1/b would be found in agreement with

standard . (66) )
the/table of reciprocols , and a/b would be found by “raising"
1/b to a. 1F b was irregular(67). or if it was too complicated
to be recognized as regular, a maothematical problem text would
simply formulate the division as a problem, “"what shall 1 pose
to b which gives me a?, and next state the solution - since normal
mathematicsl problems were constructed backwards from known solu-
tions, the rotiowould always be expressible.

Two concepts are important inconnectionwith the method of reci-

through
procals: That of the reciprocal itself, and that of the processywhich
it is found. The reciprocal of n is spoken of as "igl n gdl-bi",
eventually abridged to "igi n gdl1" or simply "igi n". The

literal meaning of the expression is unclear, but it is testified



-~ page 24 -

as early as c. 2400 B.C. in the sense of “the nth"ﬁax Some Old
Babylenian mathematical texts use it both in this general sense as
regarded as a number
"the n'th of any quantity™ and in the special sense of "1/a" 1,
but in a way which distinguishes the two(ss). There is therefore

no doubt that the 0id Babylonian calculaters had a specific

concept for the number 1/n, which I shall designate by the

standard yuasi-Lranslalion "iyi efna". The general sense I

shall render simply Ly "the n'th part.

To "find" a reciprocal is spoken of by the verb pat@rum
("ab}lilsen, auslédsen”), with the loqographic sumerogram du,.
According to ]hureau-Dangin(7U) this term should be understood
in analogy with the modern metaphor "to solve a problem", However,
in two texts the term is also used subtractively(71), in a way
which is only explained by the literal sense "detach*, Te "find
the reciprocal of n" is thus to be understood as "to detach the
a'th part(from 1]J7D, a phrase that shall be ay standard
translation.

The division by an irreqular number calls for few terminological
commentaries. The term "pose™ (my standard translation for
Sakdnum~gar, sece below) ls no term fFor multiplication; at times,
the multiplicolion to be performed is implicitly understood in
the expression, but more often it is stated explicitly(Tj).

In the latter coses, the term used belonys invarisbly to the
"roising"-class (nagam, i1, nim).

The saie was the casewhen a dividend was multiplied by the
reciprocal of a divisor (even whem one side of s rectangle
is found from the ares ond the other side(7a)). Apart from the
{(purely arithmetic) distinction between regular snd irreqgular
divisors, divisiun is one thing, and it is the inverse of

raising. Nolhing vorrespoending Lo Lhe distinclion between four
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different "multiplications"” is found. This could be interpreted
as evidence in favour of the assumption that the Babylonians
understood their division es s common, putely arithmetic inversion
of all four multiplications, the isomorphism between which they
have of course recognized, Still, since such an understanding
would rother lead to use of the purely arithmetic term a-rd,

it seems to be a better explanation that the teal multiplicatory
operation was "raising”, while the other three classes were in
reality something else which could not be reversed {as we shall
see below, there are good reasons to opprehend "doubling" as
real repetition of the concrete entity, and "spanning® as a
constructive procedure; neither of these procedures is of course

reversible).

above-mentianed terms for arithmetical
Besides the J operations, a number of basic concepts and

appurtenant terms can profitably be presented in advance and
briefly discussed. A first group contains the standard names for
unknown quantities ("variables™), the way to label new varisbles,

and the units.

By speaking of standard names far unknown gquantities I want
once more

to emphasizefthat the Babylonians formulated algebraic problems
dealing with many types of quantities: Numbers, prices, weights
of stones, ete. One set of such unknown quantities, however,
belongs with the "basic conceptualizstion” of 0ld Babylonian
algebra, as unknown abstract numbers represented by letters
belongs with our own basic conceptualization (cf. chapter I).

These basic variables are of course the length and the width.
They form a fixed pair."Length" translates ul (very rarely written
phonetically with the Akkadian term Siddum, "Seite, Rand; Vor-

hang")., "Width" trenslates sag, literally "head, front” (the
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rare corresponding Akkadian term is 2§£gé79). Both terms appear

in surveying texts from Early Dynastic Laga&"éhsurveying :Zigiz;ant
point of origin of the 0ld Babylonion second-degree algebra

(which should not necessarily be confused with its 01d Babylon-

ian conceptualization),
Problems in only one variable are basically formulated as
concerned with 8 square identified with its side: mithartum,

ar
LAGAB,/NIGIN (see above, section IL1.4, "squaring and square-root"),

In two texts(77), the side of the square is occasionally spoken

of explicitly as w3, "length"™, of the “square figure".

In problems in one as well as two variables, the "second-
degree-term" is spoken of by the same expression, a-3a, "field".
Like "length” and "width", it is almost invariebly written by
the sumerogram, but in a number of places it occurs with a
phonetic complement indiceting a purely logographic use for
the Akkadian 53125(78)(?9). I shall use the stendard translation

"surface” (8s I want to avoid the connotations associated with

the word “area“: A number which describes or measures a surface;

such distinction between entity and measuring number is spparent-
ly not true to Babylonisn thought),

A number of texts use Lerms like "length", "width" or "surface"
Far s succession of different numbers (in cases where we would
use successively x and %, etc.). In such cases the twe different
"lengths" can be distinguished by an epithet appended to one of
them: 1ul (GIR in MKT; standard translation "false") or kinum
(~gi-noj st. transl. "true"). The use of Lhese terms ia best
elucidated in connecktion with their occurrence inm specific texts.

In contrast to Hodern algebra, the seemingly pure numbers
reveal themselves in certain texts as numbers counting 8 multiple

of the basic unil of length, the ni:1dnn(80)(1 nindan equals
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c. 6 m). In problems concerned with volumes, however, the vertical
dimension is messured in “"cubits" (ammatum~ktl§=ﬁ%-nindan).

even when the problem is nothing but "disguised algebra"., Areas
are measured correspondingly in the unit sar= nindan', volumes
in {(volume-)sar= nindan‘-kuﬁ(aﬂ {i.e. a surface of 1 sar

covered to the height of 1 kud}.

A large number of terms are used when given quantities and
intermediate and final results are announced and taken note of.

Some of them are mutually distinct, some sre used inside the
mathematical texts as "practical synonyms™ {although they are
not synonynous in their general use},

Most important ts Sakdnum, *hinstellen, {eintsetzen, anlegen; versehen
mit", and its sumerogram gair, It appears tohave aprecise technical
meaning in the mothematical texts, but since this sense can only
be approached by indirect means, I shall use =& semantically
rather neutral standard translation, "to pose”.

The term is often used after the statement of a problem, when
the%aﬁgbers are "posed" before calculations begin - they appesr
to be taken note of in some m;ﬁkgsfe ﬂ:ff::1;f°§: ::::é?::e results
are occasionally "posed” (but then mostly “posed to" or "posed by”
a length etc. -—— cf. below), Even a final result can be recorded
by "posing"(GZ). fFinally, it is invariebly used in divisiona by
an irreguler divisor, cf. above, section I111.6.

The recording of intermediale results can also be spoken of
by the verb lsp@tum, "eingreifen in, anfassen, schreiben” {(rarely,
it can also be used for the recording of a given number(a3)).
i shall use the standard translation “"to inscribe”.

The verb padidm, “"werfen, hin-, niederlegen", is used in two
apparently different functions, one of which might look es a

ptactical synonym for Sokdnum and lapfiitum. in some texts, when
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the "equilateral” (i.e. square-root) of a number has been found,
it is "laid down" in two copies, to one of which is edded, and
from the other of which is subtracted(aﬁ). Two texts use "pasing”
in the same function, and four employ lapitum in a related wa#pﬁ.
On the other hand, however, naddm is never used in the other
functions of these terms.

The other use of naddm is in the tablet BM 15285'%¢)

y where
the drawing of indubitably geometrical squares, circles and
triangles is referred to by the term.

Even outside the domain of mathematical texts, similar uses
of the term are known: "Bsuten usw anlegen”; "[Fanginetz auslegen™;
"{suf Tafel usw) eintragen, einzeichnen"; “Grundriss aufzeichnen"(37{
1 shall use the standard translation "to lay down", which shall
therefore be read as "to lay down in writing or drawing” {(since
the former use is restricted to the laying down of entities which
in the geemetrical interpretation of the texts ore the sides of
squares, it is my guess that the the real meaning in all mathema-~
tical texts is simply "to draw").

A specific phrase for recording of ap {invoriably intermediate)
result is resks likil, "may your head retain [it])"” (from résum,
"Kopf, Haupt; Anfang, ...", and kullum, "{fest)halten®). Apparently,
the term is reserved for the storing of intermediate results of
linear transformations, cf. below, section VII.2.

The appearance of a result can be announced in various
ways. It cen be said that a number "comes up for you" (standard

translation of illiskkum, from elim, "auf-, emporsteigen’; Stative

"hoch sein"), or that a calculation "gives" @ certain result (my
standard translation of paddnum,"geben') and of the Symerogram s um ).
Finally, Lhe result can be announced by the term tommar, "you see"
(from amrum, "sehen"). the choice eppesrs to depend exclusively

on the qgeoyraphical snd chronelogical origin of the text {(und in
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certain texts perhaps on personal taste)(sm. The mathematical
functions of all three coincide.

Very often, a result appears simply as a number, announced
by no special word or at most by the enclitic particle -ma
appended to the foregoing phrase. A single text uses the Sumero-

gram for “"posing", gar -- cf. above, note 82.

IV.9. Structuration

The terms discussed till here were all concerned with the
oapithmetical™ level of the texts, that of single calculations.
Another group of terms belongs to the meta-level which makes
the texts "algebraic", and which structure the texts.

All those texts which describe a problem together with its
solution start by stating the problem, after which the procedure
is described. The former is writtem in the first person (viz.
the teacher), past tense (only the excess of length over width
will be statégyigfag % present tense), The procedure is formulated
in the second person (the student)}, present tense, or the impe-
rative, by a person (the instructor) who refers to the teacher
in the third person., The statement has no special name, but the
procedure is designated epE3um with Sumerographic equivalent ki.
The term is an infinitive of a verb {("machen, tun; bauen”) used
as a nounj when the description is finished, the derived term
népelum is used. For epE5um 1 shall use the stendard translation “the
making", for n8peSum "the having-been-made”.

Inside the description of the procedure, the statement of
the prablem may be quoted as a justification of certain steps
made. This is done by the phrase “ho hins said", using the verb
qabidm, “sagen, befehlen”, which functions simply as @ gquotation

mark.

A transition from one section of the procedure to the next
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may be marked by "I turm around” (from sah8rum, "sich wenden ...";
standard translation "to turn around") or "turn back” (from taérum,
"sich umwenden, umkehren, zurilickkehren"; standard translation

"to turn back").

The hypothetical-deductive structure of the complex problem/
procedure may be expressed by terms like 3umma {"wenn, falls", st.
transl. "if" =-- the recurrent te;:ygf the hypothetical-deductive
omen texts), indma ("als, wenn usw"; st. transl. "as") and aSSum
("wegen, weil usw"; st. transl. "since"}, Most often, it is left
implicit ~ the ststement appears as a Fact, and after a phrase

(or eventuslly jussive)
"You, by your making" comes an equally descriptive/procedure-part.

The equality necessary to establish en equation is normally
implied by the particle -ma followed by a numericsl velue (the
“right-hand side" of the equation) - ¢f, above, chapter Il (as
stated there, I shall render -ma by the sign ":"). IFf two
unknown quantities are equasted, the term kima (“wie; als, wenn,
dafi”; st. transl, "as much as"} can be found.

A term for equality which may function as sort of bracket
is mala ("entsprechend (wie), gemiB"; st. tranal. “"so much as"),
used in the expression "so much 8s x over y goes beyond", meaning
(x ~y).

The numerical value of a quantity can be asked for in two
ways, either by the gquestion "x mindm" (wIndm, "was"; st. transl.
"what"; sumerographic equivelent 2n-nam)or by a question
like "kI magi x" (kI, "wie, als, dafi"; massgim, "entsprechen, geniigen,
assreichen”; stondard translation of the combined expression "cor-
responding to what”). In a few texts, the student is asked to

“"muke the equilateral [square-root] of x come up® {(x bas8-3u Zuli).
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Obviously, the shades and distinctions just described in
111.1 to II1.9 cannot be rendered in a transl;tion. especially
not by a translation into a non-Semitic language. Ope cannot
achieve at the some time a one-to-one correspondence for single
terms and an acceptoble €nglish sentence (not to speak of the
rendition of yrammatical categories). It is thus for good reasons
that Neugebauer restricted the role of the translation to that of
a general guide, "selbstverstindlich genau genuq, um den Inhalt
korrekt erfassen zu kinnen, nicht aber, um die feinheiten der
Verminolegie und Grammatik daran ablesen zu kﬁnnen"‘ag).

Therefore, an investigution of Qabylonisn mathematics which
tries to go beyond mathematicasl contents and penetrate
patterns of thought and conceptualizations must necessarily
rely on texts in the original language. On the other hand,
the presentation of the results (at least to the non-assyriolo-
gist) must by the same necessity approach the question through
a modern language.

Since the results of my investigation can only be documented
(and partly only explained) with reference to genuine text
material, translotions are necessary. Since, on the
other hand, the translations cannot be allowed to loose those
shades and distinctions which cannot be translsted into idiomatic
English, I have chosen a cowpromise somewhere between a code and
areal tronslation: All words except a few key terms are rendered by Cng-
lish words; a given expression is inprinciple alwuys rendered by the same
Enylish expression, asnd diflerent expressions are rendered differently
{(with the only exception that well-established logographic equivalence

but distinct typography
is rendered by coinciding translation while posaibly mere ideo-
qraphic equivalence is rendered by translationel differentiation);

terms of different word class derived from the same root are
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rendered (when the result is not too awkward) by derivations

(90)

fFrom the same roat These translations are the "standard

translations” presented above, Furthermore, syntactical structure
and grammatical forms are rendered as far as possible by corre-
sponding structure and grammatical forms (the simple style of

the mathematical texts makes this fcasible). Expressed in mathema-
ticians' argot, this sort of pseudo-trenslaotion could be called

a "conformal translation”,

Each line of the translation is Ffollowed by a transliteration
of the original text. Here, as in current usage, phonetic Akka-
dian is written emphatically. Sumerian words and Sumerograms
(Sumerian words used ideographically for Akkadian speech) are
given in spaced writing; and signs which can neither be inter-
preted one way or the other {either because they should not be,
or because our knowledge is insufficient) are written in small
capitals. In order to follow the principle of conformity as Ffar
as possible, and in order to Facilitate the comparison of

typographical
tranglation and transliterstion, the samefdistinctions are
used in the translation. So, kamdrum is translated "to accumulste";
gar-gar will be found as "to sccumul ate" (or another
adequate form -- often Sumerograms ektec. are found with no phonetic
or grammatical complements indicating which grammatical
form to choose); and UL.GAR is rendered "to ACCUMULATE", Ideograms
written with an Akkadian phonetic complement are translated in

mixed writing. So, a - § 89"

is translated ss "sur face", The
result violates all ideals of typographicsl beauty, but it should
make it relatively easy for the reader who wants to do so ko
acquire quickly a rudimentary feeling of the original formulation.

According to analogous tonsiderations, each number is rendered

in the translation the way it stands in the original text: Standard
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sexagesimal numbers are written in the extended degree-minute-
second-notation described in note (& (in the transliteration,

the same numbers are given more faithfully, with no indication

of absolute place). Number words, including words for ordinsl
numbers and fractions, are rendered by words. Special gigns for
fractions are written as modern fractional symbols, Ve, Yy ete.
Ordinals and fractions written on the tablet as a number followed
by a phonetic or grammatical complement are written 1st, 2nd, etec.

Of course, considerstions of intellibility put some conskraints
on the principle of conformity. Prepositions cannot always be
rendered in Lhe same way, nor can some other words which structure
the Akkadian sentences {relative pronouns etc.). Certain details
of the syntactical structure (e.g??:oatpositive adjective) have
to be given up. Furthermore, definite and indefinite articles
and other Cnglish grammatical elements have to be inserted into
the translation. Such insertions stand as normal writing, without
spacing, emphasis and capitals(91).]nthe caseof ideograms without
complements even marking of grummatical person etc. are written
that way. Other, genuine explanatory insertions are given as
normal writing in parentheses.
In the transliterations, all restitutions of damaged passages are

of course indicated by square brackets. In order not to make

the typographical appesrance of the translations too disorganized,
1 have omitted there all indications of such restitutions, when
they are taken over from the original publications of the texts,
and when 1 find them Firmly established (since the restitutions

of MKT, TMB and MCT were made with great care, mainly from
parallel passages of the same toblets, this holds for most
restitutions)., Restitutions for which I am responsible myself

and restitutions which 1 consider more or less dubious are in-
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dicated clearly even in the translations,

The English terms used as standard translations of Akkadian
terms are normally chosen in a way which respects the use of the
latter in non-mathematicsl texts, and which st the ssme time
shows the possible metaphorical use of the term in a mathematical
context. A possible alternative would have been a translation by
madern technicel terms {e.g. "plus" For kamdrum, "added to" for
wagabum, "multiply,”, "multiply,"”, ..., "multiply““ for the variety
of multiplicative operations and terms). The point of my choice is not
that the Akkadian terms were necessarily used as metaphors and not
technically. It is that the technical function of a Babylonian term
must be learnt from its own context, not by impasition from the
outside of inadequate, modernizing categorizations, Indeed, one
need not work For very long with a term like "to append" before
one forgets most of the concrete connotations and apprehends its

single occurrences technically.

The basic vocabulary for arithmetical operations, for the

announcement and recording of given numbers and results and

for the structuration of the texts was presented above together
with the standard translations of the single terms. For the sake

of clearness, it is listed again in short form in Table 1, where
the ordering torresponds to the above discussion. Table 2 lists

all terms for which a standard translation is used in the trans-

lations of sections V-X, ordered alphabetically aecording to

the standard transletions. Table 3 contalns the same material, but
tranglitersted
ordered alphobetically according to theJoriginal language. The

latter tsbles are found just before the bitliography.
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| Sumerion etc.] st. transl.

| use

1.

additive

operations

wagdbum dah o append nidentity-conserving addition”
kam3arum gar-g9acr to accumulate “jdentity—-cancelling addition”
/ UL.GAR
kincatum things accu- | sum by kam3fum etc.
mulated
nakmar tum accumulated - ~
kumoz £ iim gar-g9ar accumplation - .-
/ UL.GRAR L e -
2. subtractive operations
eii ... ugu ..,.d i ~] over ... 9o ngubtraction® by comparison
watarum cig / SY beyond
nas3dhum zi to tear out wgybtraction” by removal
barSgum to cut off - " =
3. multiplicative operations
a-ré steps of number times number
eggpum tab to double multiplication by positive
integer {concrete repetition}
nadim i1 to raise calculation by multiplication
nim to Lift - m -
Butakulum i-%kd{-kd) to make span | "multiplication” of a "length”
by a "width® {*rectangularization™)
takIltum takIltum cE. below, sections V.1-2
4. sguaring and square-root
ib-si, equilateral/ square-root; geometrical square
to make e- jdentified with the length
guilateral of the side
{mah&rom) to correspond) equality of value, shares (etc.)
to
gutamhucum to raise tormation of & square
against it-
self
mithartum LAGAB (7) squared line | square jdentified with the side
mehrum gaba{~-ri) counterparct ngecond side of a asguare”
NTGIN to make sur~ | like futampurum, mithartum and
round/sur- (rarely) 3Zutdkulom
rounding
UR.UR Lo oppose 1lke Butamburum {and Sut3Ikulum)
UL.UL to confront/

confronted

like 3utampurum, ib-si,

(and
utikulum}
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| Akkadian | Sumerian etc.| st. tronsl. | use

5. halwving

heplm gaz to break bisection

bEmtum ba / BA.A half-part "natural half"; result of bi-
section

6. division

(igiim) igi n (gdl)} igjiofn The Eraction 1/n considered as

{-bi)) / n'th part a number / 1/n of something
patarum du, to detach To find the reciprocal (to
take out 1/n from 1)

7. variables, derived variables, units

(Siddum) ui length one of the two basic variables

{patum} saq (-ki) width the other basic variable

mithartum LAGAB syuare figure| the variable in second-degree
problems of 1 unknown

NIGIN surrounding - -

{eqlum) a-%3 sur face product, square, and any quantity
which in a geometric intexpre-
tation is a surface

lul false {optional) epithet to a length,
width etc. different from the
one first considered

kInum gi-na true {optional) epithet which designa-
tes & return to the original use
of a term

nindan nindan unit of horizontal length, c. &m
amma tum kusg cubit /12 nindan, unit of height and
depth, c. 50 cm
sar sar nindan?® /nindan?s kug
8. recording etc.
$akanum gar to pose
= presumably material notation
lapatum i L L and/ot drawing, cf, sbove
nadém to lay down
refka likil may your head| memorization of intermedizte re-
retain sults in linear transformations
i1ti (~akkum) comes up {for
you)

nadEnum o to give announcements of a result

tammar

igi-du, sdd

you see
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TABLE 1, continued

|_Akkadisn | Sumerion etc.] st. transl. | use
9, struwcturation

eE'éum ki to make/ designates the procedure to be
mak ing used bo solve a problem
népefum having-been- designates the procedure when
made performed
gabim to say quotation mark
sahacum nigin{-nall toturn around| designates a passage to another
gection of the procedure
térum to turn back -
Summa ig marks a deductive structure
intima as - -
addum since - - -
kima as much as equality
-ma H consecution, conseguence, result,
equality
mala a-na s0 much as a rhetorical "bracket"; equality
minlm en=-nam what asks for a value
kI magi corresponding - " -
to what
+

In a geowetrical text (YBC 8633, in MCT, §3), the term “true length" designates
that side of a triangle which is closest to being perpendicular to the "width”.
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VY. The discourse: Basic second-degree procedures

As stated in section IIL, the discursive level of Dld Babylonian
algebra can only be discussed on the basis of actusl instances of
this discourse, 1n the present and the following chapters, !
shall therefore present s number of texts, translsted according
te the principle of "conformity" in order to map the original
discourse as precisely as st all possible if the material is not to be
presented in the original language. Direct Jinguistic and philo-
logical commentaries are given as notes immediately below the
translation of the single texts.

I do not aim ot complete coverage of 01d Babylonian mathe-
matics. Host practical applications fall outside the scope
of the paper, and so do the table texts. The application of the
specific methods of 0ld Babylonian slgebra to genuine gsometric
problems are left aside for later treatment, as are most of the
"complex" algebraic applicaticns of the basic techniqueéyﬂ.
Finally, with a single exception only procedure texts are taken
into secount: Texts which give nothing but the statement of a
problem (or a series of such statements) give little information
as long as our understanding of concepts and terminology remains
at the present level.

On the other hand, inrelation to the class of simple "length-width"-
procedure texts the coverage can be regarded as fairly represent-
ative. Truly, each new text taken inte sccount brings some new
information; still, what is left out appears to me to belong to
the category of details and shades, which may awailt subsequent
investigation. The basic features of 0Qld Babylonian elementary
"length-width-algebra® can, I hope (ang think), be presented

adequately on the basis of the present selection of texts,
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V.1. YBC 6967 (MCT, 129)

The problem deals with a pair of numbers belonging together in
the table of reciprocsls, the igim and the igibim. The Sumerian
forms igi and igi-bi mean “the igi" and "its i gi"; they

way through the
are usedmost of theYtext, but a syllabic i-qu-um in rev. 5 indi-
cates that the terms are to bLe read as Akkadianized loan-
words though mostly written logographicallyej). Their product {the "sur-
face" of obv. 9) is supposed ta be 1'(z60), or at least an odd
powsr of 60, not 1°. In conformal translation and tramsliterstion,
the text runs as follows (to facilitate mathematicsl understanding,

the left margin gives a totally anachronistic commentary in sym-

bolic algebra --. igibim=x, igim=y):

Obverse

[xy =60, x-y=7 1. The igibdm over the Lgidm 7 goes beyond
ligi-bli eli igi 7 i-ter

X7 y? 2. igbmond igibdm what?

ligilh igi-bi mi-nu-um
3. You, 7 which the igibdm
alt-t)a 7 8a igi~bi

4. over the igdm goes beyond
ugu igi i-te=ru

x—EY- = 3% 5. to two breok: 3°30°,
a-na £i-na he-pé-ma 3,30
VI |
5 =2 6. 3'30° together with 3730°
3,30 ie-td 3,30
7. maoke spon: 12°15~
Su-ta-ki~il-ma 12,15
. 2
(-x—fl) X0y T B. To 12°15° which comes up for you
(m), e a-na 12,15 £a j-li<-a>-kum
5 = — I ——

7. 1" the sur foce oppend: 1°12°15-.
[t a~33-1la-am gi-ib-ma 1,12,15
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Figure 4, The geometrical interpre-
tation of YBC 6967.
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= /72% = 8% 10. The equiloterol of 1°12°15° what? B*10-.
{ib-5i, 11,12,15 mi-nu-um 8,30

11. 8°30° ond 8°30° its counterpart lay down:
(8,30 &) 8,30 me-he-er-3u i-di-ma

Reverse

1. 3°30° the tokiltum
3,30 taski-il-tem

5%! -x—z',! = By - 3% 2. from the one tear out
i-na if-te-en f-su-uh
x_;x+ x—?— = 0%+ 3% 3. to the other append
a-na ji-te-en gi-ib
B+ 3% =12 4. The first is 12, the second is 5.
8% _3%kc:cs iE-te-en 12 Za-nu-um 5
xz12, y=5 3. 12 is the igibdm, 5 is the iglm.

12 igi-bis i-gu=-um

If "going beyond" is interpreted as srithmetical difference,
"breaking" as arithmetical halving, "making span" as arithmetical
multiplication, "surface" as arithmetical product, “equilsteral™
as arithmetical squore root, and "takiltum" as 2 Factor (in agree-
ment with the interpretation "that which is made span”), most
of this text could agree with an arithmetical interpretation of
0ld Babylonian algebra. A few points remain, however, which always
have been seen as peculiar. Why is the "counterpart” of the
square-root introduced? And why are these two copies of the num-
ber 8°30° kept so strictly apart (as o "First” and a "second")}
in rev. 2-47

If a naive-geometric interpretation of the procedure is
ig. 4 made, these two questions are inmedintely solved,cf. Figure 4:

7. 3%a

Since the product of igim (g) and igibdm (x)} is spoken of ss a
to be
surface, Lhey wvre/regyarded as width and Jenylh of a rectangle.

That amount hy which the lenqgth "goes beyond" the width is
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bisected (together with the adjucent part of the rectangle),
and the outer half is moved to aposition where it "spans” a rectangle
(inreality a square) together with the inner half. The area of the
resulting gnomon is still 1°. When it is appended to the square
spanned by the two halves (of area (3°30°)? = 12715°), we
get & greater syusre of area 1°12°15°, The side producing this
square (or, rather, as we shall see below, the side produced by the
area when tﬂ?}fgunderutood as o syuore Figure and thus identified
with its side) is /T 12715 20°30". It is "Jaid down" (possibly
"drawn", cf. section IV.8) together with its "counterpart"
(heavy lines). When "that which was made span™ the small square {the
takiltum)} is "torn out"” from the vertical heavy line (ils secondary posi-
tion) we get the width {the igim). When it is appended to the horizontal
heavy line (its criginal position) we get the length (the igibdm).

It will be noticed that not 2 single word of the description
is superfluous or enigmatic when this interpretation is applied.
It can also be noticed that an alternative formulation, the "first"
and "second" 3°30° appended to and Lorn out from{(the same)
B8°3D° (e.g. the horizontal heavy line) would be less meaningful,

producing two lines equal to but not identicsl with length and

width.

This sense-makinguse of "first" and "second” holds throughout the

many texts where they are used. That can scarcely be a random pheno-
nothing

menon. 50, an interpretation of the doubling of B8°30° as) but a
preparation for two different arithmetical calculotions can hardly
hold good - in that case, we could expect instonces of “first 3°30°
appended to first 8°3G°, second 3°30° torn out from second B°30°",
and other variations of the same sort. In fact, they are never found,

In other respects too, ocur text is represenlotive of a whole

qroup of procedure texis. As slready obscrved anbove (section IV.8),
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the term "to lay down" is always reserved to that process which
corresponds to the "drawing of the heavy lines®; if only a number
was taken note of for use in an arithmeticsl calculation, ho;
the operations "sppending” and

ore we to explein that e.g. the numbers submitted to/"tearing out” gre
never “laid down"7 Similarly, it is a general feature that
3'30° is appended to B'30° - that quantity which is moved is appended
to that which stays in place. The difference is not one of relative
magnitude - as we see in obv. 8-9, a grester gquantity may well
be appended to o smaller quantity; neither is it just a question
of fixed halbkits - when gnomon und square are joined (o situation
where both are already in place), either can be appended‘gq); only
where the geometrical interpretation requires that one addend
remains in plsce and one is moved is it apparently impossible to
exchange the roles of the two addends. Finslly, the concept of
a "counterpsrt"is reserved toroles similer to that which it plays in
obv. 11 of the present text; in the cese of bisections {"break-
ings"”) preparing 2 purely linear operation it is not uaed(gsl

As we see, all three features are easily explained inside a
geometric interpretation. It is, on the other hand, very difficult
to find ressons explaining them if an arithmetic interpretation
is token for granted; and it is extremely improbable that the
random selection ¢f surviving sources has created o fixed pattern
which did not exist originally - our material is not that small.

It will be observed that the text sppears to describe a
constructive procedure, not argumentation on 8 ready-made figure
like Figure 2, It will also be seen that the procedure coincides

grosso modo with that described by al-KhwErizel (cF. Figure 1).
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(HKE 181,13 ef. THB, 1)

BM 13901 centeins s number of problems dealing with one or

more squares. The first of these is a precise analegon to the

one quoted in Chepter 1 from al-Khwarizmi. It rune as follows:

xiyx =% = 45"

% 1=30",
(30°)*=15"

x¥+Z2.30 - %+ (30°)2 =
15°+45°= 1
x+30° =/T=1

xx1-30"=30°

Obverse |

t. The svrface and my squored line [ have

accunylated: 45°. 1 the wadsftum™

a-Ba 1lam} b mi-it-har-ti ak-m{ur-mla 45-e | wa-gi-tam

L]

you pose. The haolf-part™of 1 you breok, 30° and

30° you moke span,
ta-Za-ka-an ba-ma-at t te-hi-pi 3 0 i 30 tu-ud-ta-kal

3, 15" to 45° yov append: 1 maokes 1 equl -
lateraoti!'. 30° which you hove maode spon
15 a-na 45 tu-ga-ab-ma 1-te] 1 {b-si, 30 #a tu-ui-ta-ki-lu

4. in the inside of 't 1 you tear out: 30° the

squored line.
lib-ba 1 ta-na-si-ah-ma 30 mi-it-har-tum

* wisitum is a nominal derivoation from wagim, "heraus-
gehen, fortgehen ... herayswachsen ... hervortreten,
herauaragen®. The term itsell meons something going
out, including somelhing projecting from o huilding.
Since the mathematicnl gpplication of tihe term has

nhever been explained before, [ have Jeft it untrans-
lated.

™ 1Ihe use of a term for a "wing", a "natural® instead
ef @ mere arithmetical half is noteworthy.

Y makes T equilateral” translates "1-e
1ib-9i,". The use of Lhe "ayentive suffix" -e
(vhich occurs comionly in this connexion) appears to
indicate not only thot the verbal charocter of the
term fb-si, s still presest to the 0ld Bobylonian
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calculator, but also that the First ™" is con-
sidered the agent of a transitive verb, while the
second "1" must be seen as the object. CF. Thureau-
Dangin 1936a:31 note 3, which also quotes an instance
of the phrase “mi-nam ib-9i," where a square-root
is nsked for; here, too, the square-root must be the
object of an act since it is asked for in the sccusa-
tive. (So elso the Susa and most Tell Harmal texts).

A number of other texts, however, ask For the
square-root by the phrase "ib-si, x mi-nu-um" {e.g.
YBC 6967, obv. 10) or "{b-si, x en-nan" (e.g. VAT
8390, passim, and VAT 8520, obv. 20, rev. 19).
mi-nu-um is an indubitable nominative; in the latter
texts, the other occurrences of en-nam are indubi-
table nominotives, while corresponding accusatives are
written phonetically as mi-pam. In such cases (and
when the term is used in the generalized sense of
“solution" to on equation), b -s i, must apparently
be read as a moun, and I shsll translate “the equi-
lateral of x how much”.

In a few lnte 08 and in one early northern text, the
slternative term ba-si,, originally a verb too, has
been adopted into Akkadian as a loanword bas(m, which
is regarded completely as s noun - cf. IM 5z301, NO 2,
note ) {(below, section X .1).

ﬂFol.loning Thureau-Dangin (19362131 note 4) 1 inter-
prete lib-ba (5A.BA} as libba, the construct state of
a locativic accusative. The other possible reading,
SA=5agq,~libbum, BA=ba (<bi-a, possessive suffix
plus locative sufFfix), would lead to the translation
"Yin its inside" which connects rather badly

to the ensuing "1" (the lack of an intermediate Za
forbids an interpretation as an emphatic genitive con-
struction.

The other, equivalent form used in the tablet,
libbi, 1 translate "(the) inside of"

We observe that the "sqguared line™ is in fact identical with khe
side of the square, while Lhe arca of that figure is spoken of
by e separalke concepl, "the surface”.

When this usage is wccepted, the procedure is grosso wodo
mapped by the arithmetico-symbolic interpretation in the left
margin. MHowever, it remnima fully unclear why the number 1 should
be spoken of as something “projecting™ or "going away". Another
puzzle is the choice of the term bimtum, "halfF-part", when
the normal term miZlum, "half", is used at all places in the
tablet where one entity is the half of another entity.

If we Lry a geomekric interpretation, the intention of both

terms can be made clear -- see Fiqure 5.
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As in al-Khwarizei, a geometric summation of o square and a
having the dimension of

number a of sides requires Lhat the number a2 isunderstood as/a length,
This is shown in the fitrst step of the Figure, where the "squared
line" is represented by the nres of a rectangle of length 1 and
width x. The figure mokes it iwmediately obvious that the number
! is something which projects. The only question which is left
open is whether it projects from the square or fFrom the width x(96 )
{(as we shall see helow, the latter possibility must be preferred),

Fram here, the procedure is exacktly porallel to that of YBC
6967 and Fiqure 4. Comparing the two texts we can even see why
the need for the term wasitum arises: while the problem
of two unknowns could spesk of that by which "x goes beyond y¢",
the corresponding geometrical quantity}("that by which x+1 goes
beyond x"} has no obvious designation in the problem of one unknown -~ if
not, precisely, widgitum. This is then posed and next "broken"
{(l.e.bisected),and Ehe gukter half is moved so Ehat a square is
spanned, This square is appended to the gnomon resulting from
the preceding manipulotions of the figure, in order to produce
another square., The side of this great square is found (lite-
rally: the result 1 of the appension produces 1 as "equilateral™),
finally, the quantity which spanred the complementory square(97)
is removed (“torn out™), and the unknown side of the original
squore (the original “"squared line") is left.

Concerning the "half-part", the situation in the Ffigure is
evidently related to the origin of the term. By the very mature
of the problem, the appended rectangle consists of two "wings”,

of which one is to be broken off and moved.

According te both Thureau-Dangin and Neugebauer, the

tablet belongs together with A0 8862 to the oldest stratum of

0ld Babylonion malhemntica(gu). Goetze's linguistic snalysis

oscribes to both a southern origin, probably Lnrsa(gg).
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The second problem of the tablet subtracts a side instead of

adding it. The text runs as follows:

Obverse |

xt-x = 14" 30° 5. My squared line inside of the svrface

I have torn out: 14°30°. 1 the wagitum
mi-it-har-ti lib-bi a~-53 [a)s-si-uh-ma 14,30 ? wa-gi-tam

%-1=30" &. you pose. The holf-part of 1 you breck, 30~
(307)* = 15" ond 30° youv moke spon;
ta-8a-ka-an ba-ma-at 1 te-hi-pi 30 b 30 tu-uf-ta-kal
x1-2-30°x+(307) = 7. 15° to 14°30° you oppend: 14°30°15° mok es
14°30715° 29°30  equiloteral.
x=30" = /T4 30°15° = 15 a-"na 14,30 tu-ga-lab-ma 14,30,15-e 29,30 ib-8 i,
29°30°

8. 30° which you have made spon to 29°30°

x=29"30"+30" = 30° you append: 30 the squored line.
30 Za tu-ui-ta~ki-lu a-na 29,30 tu-sa-ab-ma 30

mi-it-har-tum

Once again, the text is grossoc modo mapped by the arithmetico-
symbolic interpretation. Only the problem of the "1 which projects”
is left opén, together with the question why only the “"coefficient”
of the first-degree term is "posed”, end the choice of the term
"hal f-part”.
If the imagery inherent in the terminology {("appending”, "tear-
ing out", "breaking", "making spsn") is taken at foce value, we
are led to s geometric procedure which solves even these problems
Fig. 46 --see Figure 6. From the square, a rectungle of length x and width
p. 44 ! is removed. The area of the remaining rectangle is 14°30°.

Since the length of this rectangle exceeds the width by #, a

strip of this width is bisected, and its outer wing is moved so

as to transform the known ares into a gnomon. The small squore

spanned by the two halves of the strip is appended, and so we get
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a square of known area. lts side is found, and the half-strip
which was moved in order to span the small squore is appended
again, This gives us the original length of Lhe rectangle, and
thus the side » of the square.

The geometrical procedure is of course the same as that of
Figure 4 and Figure 5: The areo of a rectangle is given, together
with the difference between its length and its width, The excess
of length over widih is bisected, and the rectsngle is transformed
into a gnomon, for which the area and the side of the lacking
square are known. The area of the lacking square is then found
and, added to the gynomon, transforming it inte a square of known
area. The side of this square is caleulated, and the original
length (Figure 6), width (Figure 5) or both (Figure 4) can finally
be fFound, Indeed, Lhe only difference between the cases (as seen
from the geometrical interpretation} concerns the entity asked
for.

It is still not to be seen whether the wagitum should be
understood as thuot widlh "1" which must project from the length
in order to transform it inte an area which can be torn out,
or perhap;¥ihe excess of rectangular length over rectangular
width. In any case, it bas o definite role to play in the proce-
dure (and as stated above, the lormer pousibilitywill turn out to
be correct). So, the gquestion,why only the coefficient "1" to
the linear term is posed, disappears in the geometric interpre-
tation - the wagitum is no numerical coefficient.

So, once again, the arithmetico-olgebraic interpretation
sllows us to understand the main mathematicasl progress of the
caolculation but not the details of the formulation; the
approach through nnive geometry, on the other hand, allows us tao
understand both the mathematical progress aond the discursive

organization of the texts.



- page 4B -

The threeprevious problems presented the standard way to

solve the basic mixed second-degree equations. The present one

exemplifies that the Babylonians would sometimes leave the

standard methods.

The problem adds the four sides of a square to the surface

- not 4 times the side, but explicitly the four sides:

x2+8x = 417607

Kx®+xz10°25"

(Bx+1)1 210°25741
= 1°10°25 "
41 = /T10°257=1"5"

kx=1°5"-1=5"

x=2+5"=10"

Reverse 11

11. The svrface [of] the four fronts ond the

surfoce” I hove accumulated: 41°40°
a-5319M pla)-al-at er-bé-et-tim! & a-gplam

ak-muc-ma 41,40

12. 4, the fovr fronts, you inscribe. The igil
of 4 §s5 15

4 pa-a-at erl-bé-elt-tam t{a-la-pla-at igi 4 gil-bi

13. 157 to 41740~ you raoise; 10725 you inscribe.
15 a-na 41,40 [ta-n)a-Ei~ma 10,25 ta-}a-pa-at
14.

1 the wdsftum you append: 1°10°25" maokes
1°5° equiloteral

1 wa-gi-tam tu-sa-ab-ma 1,10,25-e 1,5 {b-3s i,
15. 1 the wdgitum which you have appended
you tear out: 5° to iwo

! wa-gi-tam Sa tu-ig-bu ta-na-sh-ah-ma % a-na Fi-na

15

16. you dovble: 10" nindan staonds againt itself™

te-gi-ip-ma 10 nindan im-ta-ba-ar

* This passage calls for several commentaries. It must
be tronsliterated "a - Salam pla)-a-[at er-be’-et-t!,m
& a-#nlam wlere the restitution follows from line
12. Bolh Thuresu-Dangin ond Neugebouer prefer the lower
possibility, and rcod "A surface. The four fronts
and the surface 1 have accumulated"”, This, however,
neglects that the initlal e-5alam is an accusative
(and is pointed out deliberstely to be an arcusative
singuiar by the grommolical complement lam}. So, ns far
as 1 can see, Lhe anly possibility to moke gramnatical
wense of the construclion is the upper  reslitution,
which mukes the iniliol surface part of e objecl of
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the "accumulation", governed by a genitive "of the
four fronts”.

The “fronts” tronslate pit, plurel (construct  state)
of piitum. This wordis often considered an equivalent of
saqg, wy stondord translation of which is "width",
Only extremely few texts, however, use-the Akkodian
word inslend of the Sumerogram, none of which belong
te the categary of standard "length and width"-problems
(see above, note 75). Even occurrences of -
tie Sumerogram with an Akkadian phonetic complement
ore strictly obsent. So, the use of the kerm pdtum
in our text must intend something explicitly different
fram Lhe technical concept  "width® - hence the use of
the literal translalion “front".

The numecal “four® ias in stulus rectus and postponed,
This literary stylistic figure appenrs to belong tn
siluations vhere the number is en invarioble epithet,
i.e. where n items belong inveriably together {(“the
seven mountoins®, cf., GAL § 139i) -=  whence
“"the four" inslead of “the Four".

*Ihe Lerm is imthhar (or possibly imtahac, the preterite
form}, Gt-stem of maharws, "to correspond to". 1 deviated

from my slandard transkation of the G-stem in nrder to

be in agrecment with the St-slen, "to raise agoinst
itselr”.

The term is of course Lhe verbal correspondent of
mitharctum, "squored line®. The translotion reveals how
difficult it is to make a real “conformal translation"
@s soon As related terms must be given unrelated
stendard translations.

This time, the arithmetico-alqgebraic interpretations leads
into real trouble. Indeed, if a "square" is only a second power,
there is no reason to speak of the flour fronts (or widths) neither
is there any reason to leave the normal concept of the "squered
line" for that of "front", nor to ascribe s "surface” to the fronts.

OFf course, anarithmetical interpretation can map the mathe-

terminology
matical procedure, But it offers no explanation why normalfand
procedure are givenup in this specific case; in Fact, the deviation
is so astonishing that Neugebaver suspected it to have arisen by
a combination of mistakes which happen Lo make aenseuom.

on the tablet

Finally, the place of the problem/(omong the complicated varia-
tions ond not amonyg the simple coses of one variasble) is an
enigma; so is also the "doubling to two™ in 8 pluce where an

orithmetic inlerpretution would expect o "raising” (cf. the

problem discussed immediately below).
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The geometric interpretation, especially as it is made clear

ig. 7 by the term waglItum, sclves all these problems-- cf. Figure 7.

d%a

(being itself the squared line)
First of all it is clear that a geometric square/possesses four

sides, which can be regarded as “fronts”. Moreover, if we take

the text at its words and add four rectangles of length 7 and

width x, the "surface of the four fronts" (instead of one rectangle
of length 4 and width x, or two of dimensions 2 times X, 85 wWe
would normally expect), we get a geometrical configuration

which differs from the normal square-plus-sides dealt with in

the beginning of the tablet -- and thus a reason thst the problem

is listed among the complicated variations.

The occurrences of the wdgzitum confirm that the cross-Fform
configuration is indeed thought of: If we follow the
text, we can imagine that the multiplication by &% in lines 12-13
is a quartering, as shown in the second step on the figure. At
first, this is of course only a possibility. In line 14, however,
the wBgilum is appended, i.e., not ony number 7 but a square ??

identified with the wigltum; such a square is shown in the third

atepoUﬁ,where it completes the quartered cross as a square. No

other configuration than the cross would allow so litersl a reading
of the text,- and since the occurrence of the wasftum in line 14
daes not refer to any earlier occurrence, it must refer to the
entity itself, not Lo anything ohtained from ar equal te the "pro-
jection".

In the next step of line 14, the side of Lhe completed square
is found, and the same wigftum is torn out -- this rules out Thureau-
Oangin's conjecture, viz. that the term may simply Fix the order of
megnitude to 1* (one need not fix the order of maqnitude of a
number which is identifFied with a number previously used), end
it confirms that the square which was appended in line 14 is

identified with ils side: if a squaring of "?" had been left out
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by error in line 14, the invariable epithet would have been
"which you have mode span" instead of “which you have appended"
- ¢f, problems N9 1 and 2 from the tablet as quoted above.

The tearing-out of the wisitum leaves half the side of the

square {in the right position). It is "doubled” to two, i.e.
repeated concretelyauz). in agreement with the situation of the
figure, giving us one of the fronts. It is, however, not spoken
of as a "front", nor designated by the normal term "squared line™
(mitbartum), Instead, it is stoted that 10° is that which "stands
against itself" - presumably because no "squared line” was spoken
of explicitly in the statement of the problem; instead four "fronts"
have been supposed to "stand against each olther as equals”,
Curiously enough, al-KhwdrizmiI uses the same figure as an
alternative argument for the sclution of the problem “square and
rouots equal to number" (cf. above, section 1)T;Iz;tead of distri-

buting the rectangle 7¢+x as shown in fiqure 1, he distributes

it as four reclangles 2k-x along the four edges of the squareﬂujt

The text brings us somewhat closer to the precise meaoning
of the wagitum. It connot be the excess of rectangular length
over rectangular width, Possibly, it could be the length of any

of the four projections from the central square; that would,

however, agree poorly Wwith the use in problem 2 of the tablet

(see above). 50, we are led towards the interpretation of the

wagitum as that projecting width ™ 7" which transforms a length

into a rectangle of equal area; such a concept seems also to be

implicitly presupposed by the expression "surface of the four

fFronts",
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V.S, BM 13901, N® 3 (MKT 1IIL, 1; ef. THB, 11}

The above problems can all be classified as "normalized
mixed second-degree equations”. The present problem shows the
normal 0ld Bebylonian way to deal with a non-normalized

equation, The text runs as follows:

Obverse 1

-Y)x+Y,x =z 20" 9. The third of the sur foce I have torn out:
the third of the squored line to the inside
fa-lu-ud-ti a- %3 ps-si<-uh-ma> Za-lu-ud-ti
mi-it-har-tim a-na lib-bi

10. of the svrfoce 1 have appended: 20-.
1 the wasitum you pose

a-é.‘!“m G-gi-ib-ma 20-e 1 wa-gi-tam ta-Za-ka-an
1-Y, =1"-20" = 40" H. The third of 1 the wasftum, 20° you tear out:
(40°x)? 44020 x 40° to 20° you raise;
= 13720~ Sa-lu-ud-ti 1 wa-gi[-tim 20 ta-na-sd-sh-ma} 40 a-na

20 ta-na-Ei

(40°x)*+2-10"-(80°x) 12. 13°20* you inscribe. The holf-part of 20°,
+{107)? = the third which you hove torn out™
1320 +1740" = 15° 13,20 ta-la-pa-at [ba-ma-at 20 Za-1)u-ud-tim $a ta-si-hu

13. you breok: 10° ond 10° you moke span, 1°40*

(40°%+10°)* = 15° 1o 13720 you append

te-hi-pi 10 i 10 tu-ud-ta-kal 1,40] a-na 13,20 tu-ga-ab
40 'x+10" = /35" = 30° 14. 15" mokes 30" equiloteral. 10° which

you hove made span in the inside of 30°
40°x=30"-10"=20" you tear out: 207,

15-e 30 (ib-si, 10 Sa tu-ud-ta-ki-1u lib-ba 30]

ta-na-ga-ah~-ma 20

(ap)™ = 1°30° 15, The 1gi of 40°, 1°30° to 20 you raise:
x=1°30°-20"=30" 30° the squared line.

igi 40 9a1l~bli 1,30 a-na 20 ta-nra-Fi-ma 30)
mi-it-har-tum

* Both for mathematical reasons end because of the
many parallel poassages of the tablet, this "have torn
out"” must be a writing error for "you have appended”,

bu-ig-bu.
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The problem is of the type ax? +Px=y. In Medieval (Arabic
and Latin) wslgebra, such an equation would be normalized as
x? + (p/adx = (y/a), The method here is different, a fact which hes
often been regarded as astonishing, slthough the same procedure
is used by Diophantos und "ermﬁﬂdk Instead of x, e¢x is taken
a8 the quantity looked for, and the equation is transformed into
(ax)+P+(ax) = ay. In the end, x is found from ax through multiplication
by the reciprocal of a.
The applicatien of the arithmetical interpretation raises a
problem: The multiplications by e and e™' are expressed by means
of the term “to raise", while that of {p/2) Ly (p/2) (of 10" by
10°) is expressed by "making span™. Another problem is presented through
the wny the equation is transformed: As most of us would immediately
feel, and as it is confirmed by the Medieval algebros, the reduction
to normalized form is easier to keep track of in a rhetorico-
arithimetic representation than the actual "change of variable™.
Finally, of coyrse, the wagftum remains a stranger to any
arithmetical interpretation, as does the distinction of & "half-
part" from a "half"®,
As usuvally, we shall try to apply a representation by naive
Fig. 8 geometry-- see Figure O. IF we look at lines 12-14 of the text,
B; 498 it is clear thatthey follow the normal “square-plus-sides"-proced-
ure {(cf, section V.1 and Figure 5). So, we must interprete the
text geometrically in such a way that this situstions comes ebout.
Line 9-10 states the problem. In line 10, furthermore, the
wigitum is “posed" -- and since no "projection” from the square is
1, we can now be sure that the term designates that projection
from a line which creates the rectangle of equal area, as suggested
above. An area of one third of the side is then a rectangle of
width "the third of 7 the wagitum™, i.e. 20°, and length x. This

corresponds to line 11 -- where, however, an ellipsis turns up, as
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the third of the whgitum is identified with thet third {(of

the surface) which is to be "torn out" (that such a confusion
is really there is confirmed in line 12). So, the "coefficient to
x*" (“"g") is found te be 1-20'z40".

In the last part of line 11, this factor is spplied to the
total non-shaded aree (%, x*+',x=20"). This can be apprehended
geometrically as the first transformation of the figure, where
the scale factor an-(=%,) is applied in the vertical direction.
This operation transforms the rectangle x-%,x into a square
Yyx-¥,x. At the some time, the sppended rectangle ¥,-x is trans-
formed into a rectangle %, -%x. That is, we have obtained the
required situation "squore-plus-sides", and the number of "sides”
is unchanged. The rest of the procedure is by now well-known: The

its puter wing
eppended rectangle is bisected ond’moved so as to "span" & square
of area 1°40”. This area is.appended to the gnomon, the area of
which is 40°.20° = 137207, The area of the resulting square is 137,
and its side therefore 30°. From this, the side 10" of the square
which was “spanned® is "torn out"™, leaving 20° as the side of the
square {ax ) Hence, ax is 20° and x iteelf is found through division
by the scale factor 40’ {(ie through multiplication by its inverse
1°30°) to be 30°.

This solves 8ll the problems roised by the arithmetical inter-
pretation. First of all, it is clear that the multiplicetion by
a scaling factor or its inverse is different from the geometrical
process "to span 8 sguere”". IF the conceptualizetion and method of
0ld Babylonian algebra are geometric, a terminologicaul distirction
between the two is next to obligatory.

Next, the geometrical interpretation leads us to prefer the
"Diophontine” to the "Medieval®" reduction: 1f the non-shaded

part were to be transformed into s "squore-plus-sides™ through



- page 55 -

Medieval reduction, the change of scale would have to be in the
horizontal direction. Thiswould affect the width of the appended
rectangle, which goes into the Further calculations; on the
cther hand, the "Diophantine" transformations afFfects only its
length which is anyhow 1rre1evant(105).

Finally, of course, the wigitum is no stranger but a must
for a geometricnl interpretation (with or witheut s name), and
the "half-part" is a natural half, a "wing".

On the other hand, the geometrical interpretation raises
two new questions. The First of these concerns the semantic
renge of the term "raising”: 1s it restricted to multiplications
which can be regarded as changes of scale, or is it wider? This
cannot be answered from the present text, but as discussed above
(section IV.3) the range is indeed much wider. {f. also below,
gection V.8B.

The second question concerns the figure: Did the Babylonians
draw or imagine a series of different diagrams, as they are shown
in Figure 87 Or were they able to conceptualize the same representation
fiést as 8 rectangle with sides x and ¥x, and next as a square
with both sides equal to #,x? It is equally impossible to answer
this second question on the basis of the present text (or to give
a definitive snswer en the basis of any text I know)}. Yet, as
I shall arque in chapter VI, indirect evidence suggests that
the Babylonians were fully able to conceptualize s drawn rect-
angle as a diagram for a square.

The geometrical technique which appears to be used in the
fFirst examples (and in al-Khwirizmi's justificotion) can be
described ns a "cut-and-paste"-procedure, The same technique
is used in the present exemple for those operastions which are

described by the terms "to tear out™, "to append”, "to break"
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and "to make span". The "raisings" of line 11 and 15, however,
belengwith another technique, of which special notice should be

taken: A technique of proportionality, which in relation to

uni-directional
the geometric representation can be described as a’"change of

scale"; I shall use the term "scaling" for the techniqueﬂcE).

The above examples were all caoncerned with mixed second-degree
equations. We shail now turn to homogeneous problems - first to
8M 13901 NO 10.

Obverse 11

xteyt 2 217157 11. The surfoces of my two squared lines
1 hove occumulated: 21°15-,

a-53 3i-ta mi-it-ha-ra-ti-ia ak-mur-ma 2t,t5

yaz{(1-YIx=%x 12. Squored line to squored line, the seventh”
it has become smoller

mi-it-har-tum a-na mi-it-har-tim gi-bi-a-tim im-ti

x=7z y =6z 13. 7 ond 6 you inscribe. 7 ond 7 you moke spon, 4%.
x?z49z2 7 b 6 ta-la-pa-at 7 b 7 tu-uf-ta-kal 49
y=362¢8 14. ¢ ond 6 you make .sEan, 346 ond 49 you occumulote:
xtey? = (49436) 22 = 6 U 6 tu-uf-ta-kal 36 U €9 ta-ka-mar-ma

UREe U B 15. 1°25°. The igi of 1°25' Ls not detached.

¥hat to 1°25°
1,25 igi 1,25 G-la ip-pa-ta-ar mi-nam a-na 1,25

1591725 = 21715 14, shgll 1 pose which 21°15° gives me? 15°
z¥=15%2 =/15 =30" mokes 30" equilaoteral.

lu-ud-ku-un Ea 21,15 i-na-di-nam 15-e 30 ib-si,

x=7-30"=3"30" 17. 30° to 7 you roise: 3°30° the first squared line.
30 a-na 7 ta-na-Ei-ma 3,30 mi-it-par-tum if-ti-a-at

y=z6-30"=3 18. 30° to 4§ you ralse: 3 the second squared line.
30 a-pa 6 ta-na-Si-ma 3 mi-it-par-tum Sa-ni-tum.

* The form is plural, sebistim -- cf. Thureau-Dsngin
1934149, and Goetze 1946:200.
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A geometrical interpretation of the procedure is shown in

Fig. ¥ Figure 9. The first step, that of finding the set of proportionate
AR numbers, looks like a purely arithmetical "single false position"”:

A number from which one seventh is easily tasken away is 7, and

the remaval of the seventh leaves 6(107). These numbers are “in-
scribed" ~- an expression which was also used in NO 23 and NO 3,
where the areas found by quartering and scaling were "inscribed™ In
agreement with Babylonian habits as expressed on tablets with
drnwinqs(ina), we may imagine inscriptions along the edges of
squares, as shown on the figure. This can he so interpreted that
@ unit is imagined in which the lengths of the squares sre 7 and
6, respectively (such a concepltualization could follow as an
extrapolation from common experience wilh metrological conversions}).
The respective areas are found (by "making span") in the square
of this unit, as 49 and 36; the Lota) aren when measured sowill thenbe
49436 21°25", In the basic aren unit it is known to be 21715",
So, the square of the imagined unit {(the area of the small saquares)
is 21°15°/1°25"= 15" hence its side will be /15 ° =30°, and
those of the two original squares 7:30°: 330" and 6-307= 3.

given

Fundamentally, this conceptualization subdivides the/squares
of the problem directly. An olternative interpretation could be
that two suxiliory squaores are imagined, of "real" sides 7 and 6.
Their areas aTre fFound and added; the ratio between this and
the original total ares is calculated; etc.

It is impossible to decide From the text which interpretation
to prefer (from the view-point of mathematics, they are of course
equivalenpu%.uy intuitive feeling is that the former is the more
pleusible, as it it conceptunlly simpler - it is easier to draw
the subdivisions of an existing square, to point to it end spesk
about it, thon to meke non-mathematicions understand an ebstract

ratio (and the reason why its square-root should be taken). As



- page 573 =

Figure 9. The geometrical inter-
pretation of BM 13901 NO JO.

Figure 10. The geo-
metrical interpreta-
tion of VAT 8390 NO I,



- page 58 -

we shall see in the following exomples, there is also direct
evidence that the Bobyloniens used subdivisions and alternative
"units" rather than raties.

In any case, the text presents us with a third technique
besides the cut-and-paste procedures and the scaling: The calcula~
tion of total "coefficients" -~ here the "number of small squares"
(below, we shall meet in section VII.3, THMS XV1, the expression "as

much as there is of" entity X, as an explicit formulation of this

concept). We notice that the number is found by "accumulation”,
not by “appending”™. The same holds far the calculstion of the
true total area in line 11. In both cases, indeed, none of the
addends possesses an "identity" whichis conserved through the
praocess. It seems plausible, too, that "acecumulstion” is a more
genuinely arithmetical process than "eppending™, adding also
measuring numbers, while "appending™ affects only concrete though
measured entities,

In order to point to a practicewithwhich the Babylonians were
utterly familiar, and which is structurelly analogous to the

accumulation of a coefficient, I shall spesk of the "accounting

technique™.

0M 15285 is (part of) o large tablet where the areas of various
subdivisions of o square of side 1 ace asked for. The present
problem is clearly related to aparticular aspect of the argument
of the previous problem, and it can serve to elucidate the guestions

ieft open there,

The text is accompenied by a Tigure, which I show in the

left margin (traced after the photo in MKT II),
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1. 1 the Length, a sguored line

(1 v mi-ilt-ha-ar-tum

2. 1In its inside, 16 of o sguared line®
sag,-ba 16 mi-it—ha—at—tim

3. | have laid down. T ts surfoce what?
ad-di a-E3-bi en-nam

¥ fhe lorm is a genitive singular,

The Figure shows us precisely the subdivision of a square into
smaller squares which was suggested as the first interpretation
of the procedure of the previous problem. So, this interpretation
is at least strengthened.

Another interesting point is the use of the singular genitive
in line 2 {true enough, Sagyg's suggsstsmo) that we have to
do with a simple writing error, but that appears to be excluded by
the singular -bi in line 3). The swall squares appear to be
regarded as repetitions of an ldentical entity - = unit of
accounting., Even in this respect, the present and the previous
text are related.

A finsl homogeneous second-degree problem is VAT 8390, N° A,
Obverse I
xy = 10° 1. Length aond width I haove made spon: 10°

the surfoce
{ud 4 sag) ai-ta-ki-il-ma 10 a-83

x? = 9-(x-y)? 2. The Length ito ttself 1 have maode spon:

{ud al-na ra-ma-ni-Su ud-ta-ki-fl-pa

3. A svrfoce 1 -have built
[a-%a) ab-ni
4. So much os the length over the width

goes beyond
(wal-1a ud u-gd sag i-te-ru



/=3
[x=3(x-y))
x =3z
y=[x=l 3z

[(x-y) =Yy x=1-2)

y=§-(x-y)=3z-2
=2z

y= 1z

wxy = 3z:22 2 62°

5.

10

11,

12.

13,

14.

15.

14.

17.

18.

19.

20.
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I have mode spon, to 9 | have doubled:
us-ta-ki-il a-na 9 e-gi-im-ma

. As much as the surfoce: which the length

by itself
ki-na a-83-ma $a w¥ i-na ra-ma-ni-Su

. has been made spon*.

ud-tlal-ki-1u

The length ond the width what?
ug U sag en-nam
10* the surfoce pose

10" a-3& gar-ra

and ¢ {to) which he! has doubled pese:
49 %a i-si-pu gar-ca-ma

The equiloteroal of 9 (to) which he has
doubled whot? 3.

ib-si, 9 5a i-gi-pu en-nam

l tothe length pose.

Ja-pa ud gar-ra

3 to the width pose,

J a-nla slag gar~ra

Since "so much os the length over the
width goes beyond

ad-sum ma-[la u%} u-9gl sag i-te-ru

1 have made spon®, he has said
ud-ta-kf{i-ill ig-bu-u

1 from 3 which to the width you have posed
1 i-na 13 3a a-nla sag ta-ai-ku-nu

tear out: 2 you leove.
b-[giG-uh-mla 2 te-zi-ib

2 which you have left to the wlidth pose.
2 5a tle-z)i-bu a-na sag gar-ra

3 which to the length you hove posed ’
3 3a a-na uE ta-ag-ku-nu

to 2 which to thewidth you hove posed
raise, §

a-na 2 8a <a-na> saq ta-af-ku-nu 1 6
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67" =107 21. The 1gi of § detach: 107,
igi & pu-tur-ma 10
z? z10°-10"° = 1°40° 22. 107 to 107 the surfoce ralse, 17407,
10 a-na 10 a-%a {1 1,40
z=/T40" =10 23. The equilaterol of 1°40° what? 10.
ib-si, 1,40 en=-nam 10
Obverse 11
x=3z=3-10=30 1, 10 to 3 which to the length you have pesed
10 a-na 3 3[a a-na u# ta-af-ku-nu)
2. roise, 30 the length.
i1 30 u[s]
y=22=2-10=20 3. 10 to 2 which 1o the width you have posed
10 a-na 2 $a a-na sag ta-ag-[ku-nu}
4. ralse, 20 the width.
il 20 sa9g

Proof: 5. 1f 30 the length, 20 the width
Sum-ma 30 ul 20 sag

6. the surfoce what?

a-5h en-nam

xy = 30-20 = 10" 7. 30 the length to 20 the width raise,
310" the svrfaoce.

30 ud a-na 20 sag (1 10 a-¥3

x*=30-30:15%" 8. 30 the length together with 30 moke spon: 15°
30 ud it-ti 30 Zu-ta-ki-il-ma

x-y = 30-20=10 9. 30 the length over 20 the width whot

goes beyond? 10 1t goes beyond.
30 ud v-gb 20 sag mi-nam i-tir. 10 j-tir

(x-y)t =10:10=1"40" 10. 10 together with 10 make spon: 1°40°.
10 it-ti (10 3ul-ta-ki-il-ma 1,40

9+{x-y)? = 91" 40" 11, 1°40° Lo ? double: 15° the surface.
= 15° 1,40 a-na 9 e-si-im-ma 15 a-34
xt = 9-{x-y)* 12. 15° the svrfoce 1s g3 much as 157 the

surfoce which the length
15 a-5a ki-ma 15 a-84 Za ud
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13. by itself hos been made spon.

i-na ra-ma-ni-fv ui-ta-ki-lu

* Isken by itself, the phrase "Sa u# jna raminisu
udtakilu" could perhaps also be interpreted as "which
1 made the length span by itself". The preposition ina
occurs, however, in connexion with SutaSkulum in all
four occurrences of the relative clause in question
and nowhere else in the tablet (nor anywhere eise,

o8 far as | can find out). Elsewhere in the tablet
Butadkulum stands with u, ana and itti. The probability
that this distribution shouls have come about randomly
is extremely small (2.3¢10-* in a reasonsble stochastic
model}. Furthermore, the occurrences inaobv. I11,12f and
rev. 23f stand in passages where the context requires
the second person simgular (becouse imperatives are
peinted at) if the subject of the clpuse is not ud
Hence, the Form cannot bg the usual 5tul)(causative,
reflexive), but must be St(I) (passive of causstive),
gf which this preterite form coincides with that of
t(II).

i The choice of "he" instead of "9" as the subject of
the doubling is enforced by related passages in VAT
8520, obv. 7, 9, 11, rev. 8, 10.

As usually, the main lines of the procedute c¢an be mapped by
the arithmetical representation. On s number of points, however, it
is inadequate: Why is a widlth equal to the length of 3} introduced
in 1,13 (if this is at all the meaning of the expression "pose
to"?)? Which principles yovern the use of the three multiplicatory
terms ("waking spon®; “"raising™; and "doubling to n"? Why are so
many different entities spoken of as "surface"? Normally, such
words stand as epithets which serve to identify a number; this
is also the case in [,22, where "10° the surface" is kept apart
from 10" {the i yi of 61" -- but this function con only be hindered
when x? and 9-(x-y)? are also labeled “surfaces" (1,2f; 11,

11f)u12{ So, in same sense or other, all these entities must be

"surfaces".
Further: Why are the "surfaces" "built™, while other complex
expressions are not“'j’? And why are "posing" (e.q. "posing 10"

the surface™, in [,9) and "posing to” (e.n. "posing 3 to the length®,
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in 1,12) carefully distinguished all the way through the
tablet? All these finer points of the formulation make no sense
in the arithmetical interpretation; several appesr to call
for a geometric reading,- and indeed, a geometric representation
answers all the guestions, while at the same time giving us some
supplementary insight in the relation between “raising" and
"making span".

The geometric representation which appears to be described
in the text is shown in Figure 10, the relation of which to the
16 squares of 8M 15285 NO 10 is obvious. The “doubling to 9" of

the square on the excess of length over width is clearly seen to

be a copcrete repetition, neo multiplicatory calcuylation. A width

relgted to the number 3, end another width similarly related to
2, are clearly seen on the figure. And of course, all the "surfaces"
are indeed surfaces in the most literal sense.

We observe that the numbers which are "posed" in 1.9-10 are
sreal values" - the real surface of the rectangle, and the number
of repetitions of the small square. The numbers which are “"posed
to" length and width (inl.12, 13 and 18), on the other HRand, arte
not real values of the lengths and widths in question. It might
seemas if “false values” (in the senss of a "false position")
were "posed to" the entity For which they are assumedj still,
according to normaul Bobylonian usage, later references (like
that of 1.19) could then be expected to quote the sssumed numbers
as values ("3 the length which you have posed", of eventually "3
the false length which you have posed"). So, we are led towards
the interpretation that "posing x to A" means *writing the number
%x along the entity A"-- o8 it was suggested in Figure 9 {cf.

of the procedure
note 108). Once again, the interpretationfof BW 139071 NO 10 as

a subdivision rather than 2 comparison with an auxiliary figure

is supported.
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In one respect, the geometric interpretation changes the
expectetions which might be derived from Lthe previous examples.
Whan length and width, length together with length or excess to-
gether with excess qive rise to rectangles or squares in [1-5
they are "made span". So also in the proof, in 11.8,10, when the
length and the excess are squared. But in [ 20, the number of
small squares is celculated by “raising 3 to 2", and in IL7,

"30 the length" is "raised to 20 the width". What is the difference?
Are the terms synonymous in spite of all contrary evidence?

The clue has to do with the term "to build", and with the way
triangular and trapezoidol areas are found. Only when a length
and a width (or two other lines) have been "wade spsn”, is a
surface said to have been "built". Conversely, when the area of
a triangle, a trapezium or e trapezoid is celculated, the term
used is invariably "raising". S0, firstly, the terms cannot be
synonymous. And, secondly, one of them must belong with the
process of building and the other with calculation. In other

understood literally, as
word, the process "to make spun” is to be ) s process of construct-
ion, and te "build" means "to construct" (in agreement with the
Lotin etymology of the latter word). "Raising", on the other
hand, means “"calculating by multiplication”.

This agrees well with the use of the terms in our text. In
the beyinning, the rectangle, the sguure on the length and the

squore on the excess ore all constructed anew - none of them

existed before. The number following the construction measures
the area of the surfuce construected-- so, the calculation of
this ares is imglied by the construction process‘11m. but it

remaing something difFerent. In I.20, when the numbers 2 and

3 are multiplied and the number of smull squares in the rectangle

thus calculsled, the rectanyle is already there; hence, J is
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“raised to" 2, they are not "made spon". (Cf. slso BHM 13901, NO
23: the wigitum-corner is already there, there iz no need to
construct it, nor is the wagituin "made span"-- see above, note
104).

In the proof, the rectangle is still supposed to be there.
In 11.7, the length is “raised to" the width., The squares on
length and excess, on the other hand, are "spanned", Since the
same pattern repeats itself accurately in the second problem,
this can hardly be an accident. So, the squares are not there
to the same extent as the rectangle-- either because only the
rectangle is drawn, while the others ligures are only imagined
(3 and 2 being "posed" successively to the same width?),- or
because everything is imogined, but the rectangle is more Familiar
as the basic figure snd therefore still ‘present to the inner eye.
In any case it is made plausible that no complete figure like that
of figure 1D was really drawn. Part of the procedure, if not all

of it, was performed as mentul geometry.
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V1. The guestion of drawings

At this peint it seems natural to ask whether the Babylonians
left any traces of drawings like those of Figures 4 to 10. The
answer is, if we confine ourselves to algebraic texts like those
to which these figures belunqed“15), a clear po,

This might seem to present a problem to the geometrical
hypothesis. Truly, much "geometric" manipulation can have been
performed mentally (and part of it must have been so performed, it
oppears from the above). But skill in mental geometry can only
be acquired through familiarity with materialized geometry. So,

a geometric interpretation of Babylonian algebra impli::7;::is
a physically palpable representotion of this geomekry .

On the other hsnd, drawings are also absent from the tablets
in other cases where we can be sure that the argument presupposes
a geometric figure. True enough, some real geometric problems
are accompanied by a drawing. Still, this drawing is only an
tllustration of the statement of the problem, not of the procedure
--even in cases where auxiliary lines or appended figures are
supposed by the argument they are left out from the draningn162
furthermore, when the verbal statement of a gecometric problem
appears to be sufficiently clear, even the sketch of the geometric
situation is often dispensed with,

50, even in cases where we can be suvre that drawings have
been made, they are absent from the tablets. This raisas Lthe
question, where else they can have been made? Which medium can
be imagined where drawings would leave no archaeological traces?

Several possibilities are open. The Greek drewings made in
the sand are, at least from the onecdotes concerning the death
of Archimedes, part of general lore“17{ For Mesopotamia, too,

the use of the sand of the school courtyard has been proposed -
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and as redrawn in correct proportions
by Thureau-Dangin (right). After Thu-
reau-Pangin 1897:13,15.

The dotted lines to the right cor-
respond to lines which are very lightly
drawn in the original, This weak inci-
sion is used by the scribe to mark lines
the lengths of which have been calcula-
ted, not measured in the terrain.
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namely as the medium for models of cunsiform signs in the basic

scribal education!®) Still, enother possibility suggested by

the Greeks is perheps more interesting: The dust abacus. As

explsined above (chapter II), the Greek term &Paf, “abacus™, is in all

probability derived from the semitic root ’bq, "to fly away",

"light dust™. On that background it seems plausible that the

Greeks have first met the abacus in the form of a dust -board,

and that they have done so in the Western Semitic area“1”.

As cultural connections between Syria and MHesopotamia were

numerous {(even much of the metrologicol system was shared}, use

of the same device in Mesopotamia is at least a strong possibility.
Whatever the medium of drawings corresponding to the solution

of thg%fégégg%¥ic problems may have been, it left no traces

(at least no Ltraces which have been discovered until now}., So,

we need not worry much because no drawings corresponding to the

solution of algebraic problems have been excavated.

On the other hand, drawings have been excavated which show
us something about the probable character of the geomettic support
for algebraic as well os geometric problem soelution,- to wit the

field plans. The avtography of one of these, as well as a re-

Fig. 11 drawing in correct praportions“zm

» will show us how (see Figure
p. 66a
113},

The first feature of the plan to be observed is perhaps the

subdivisioen into right triangles, right trapeziums and rect-

angles. Subdivisions are of course not easy to do without
when a natursl area has to be measured, but the plan
shows us

- that right triongles snd trapeziums were looked for, not
any triangle and trepezium In the lotter case, a height would

have to be messured; right Figures, on Lhe other hand, are fully
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described by length and width (in the case of right trapeziums

two widtha, "upper" and "lower").

- that the right ongles of the partial figures were clearly
marked on the figure, while no care was taken to render other
angles correctlyn21).

- and that the Babylonians were perfectly aware of the
possibility to use suxiliary lines which were calculated, not
measured (the calculation shows also awareness of the imprecision
reising during weasurement, since the dimensions of the partial

figures are calculoted in two different ways and the average

found - whence the two writing directions for the partisl sreas).

Another striking fenture is the total lack of core for a
faithful rendering of proportions. A line is, so it seems,
described by the number written unto it (if it is a line of
importance for the determination of “lengths™ and "widihs" of
the partial figures). One and the same line on the fiqure can
even have two different numbers written unto it - this is the
case of the line delimiting the two triasngles to the uttermost
left:s the numbers alone tell us that two different lines in the
terrain are meant.

This lack of care for correct proportions has some curious
effects. At bottom of the plan, the hypotenuse of a right
triangle continues directly as the skew side of a trapezium.
in reality, the two lines are at an angle somewhat UbLelow
120°. To state things a bit sharply, the Babylonians did not
make o drawing of the terrain in their field plans: They made

a structural diagram, showing relevant lines, stating their

lengths by inscribed numbers, and indicsting their mutualk
relation with respect to the intended area calculation by

visually right angles between lengtha and widths.
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Figure 12. The guadrangle of YBC 4675.
Above two possible configurations (only
the lengths of the four sides are stated
in the enunciation). To the righet, the
diagram found in the tablet (after the
photograph of MCT, Plate 26) -- not drawn
but Iimpressed with the stylus,
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Figure 13. Autography of BN 15285, obverse. From Gadd 1922:156.
The problem translated and discussed in section V.6 belongs to
the reverse of the same tablet.
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Similar structural diagrams are also often made as a
support for the verbal statement of geometrical problem texts.
A qlaring example of the difference between the real figure and
the diagram interpreting the structure of the problem is YBC
ﬂ675(122)-- see Figure 12.

Naturally, this does not mean that the Babylonians were
unable to make real geometrical drawings when they wanted to, or
that they did not recognize a geometrical square-- cf. figure
13, which shows the obverse of a famous tablet investigating
a variety of geometrical forms. Still, the use of structural
diagrams instead of drawings in our field plan and in the
geometrical problem text suggests that the geometrical drawings
or imaginestions which possibly supported the solution of
algebroic problems may very well have been of the diagram type.
The first step in the reduction of Figure 6, the redrawing in
reduced vertical scale, need not have been performed in
drawing. At the evidence of field plans etc. we may surmise
that the Babylonians can have been able to imagine the leflt
section of the unshaded part of the fiqure first as a rectangle
and next as square, while the right section would in both steps
be considered an appended "one third of the side”. At the same
time, they will have known that the changed conception of the
whole figure would correspond to a reduced area: No longer 20°

but 40°-20° = 137207,

Before leaving the problem of "drawinga" we should take note
of the fact that geometrical configqurations can be represented
materially by other means than through lines traced on a soft
or colour-receiving surface, Some details of the Bahbylonian
formulations could be read as hinting at a representation through

small sticks or pieces of reed -- I think especially of the iden-
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tification of rectangular figures and their side and of the bi-
section through "breaking", 1t is also posasible to make » pebble~
representation of geometric figures in Greek style and to perform
naive-geometric "algebraic” argumentation on such figures ~ and there

vague
exists indeed someYevidence that early Greek calculators did so,

inspiring thereby the development of the theory of figurate
numbers“Zﬂ.
So, even though lines traced in sand or dust appear to

be the most plausible candidates for a representotion of naive-

geometric algebra it should be remembered that they are not the

only possible candidates.
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VII, The first degree

All texts discussed up to this point were of the "second
degree", if we translate them into modern formelism, and such
problems are the main concern of the whole investigation. To a large
extent, however, Babylonian mathematics dealt with real-life
problems, which in the Bebylonian context wereof the first degres;
furthermore, the more complex second-degree-problems involve
transformations and equations of the First degree. Both in order
to locate the use of naive-geometric methods correctly in relation
to the complete structure of Babyleonian mothematics and in order
to grasp the methods ofF the complex second-degree-problems it is
therefore of importance to get some idea of the techniques and
ways of thought of Babylonian first-degree mathematics.

The present chapter presents two groups of texts suited for theat
purpose, Firstly |1 present two procedure-texts stemming from a

all built
larger group of problems’on the same concrete data; they are
sufficiently complex to admikt of some insight into the patterns of
thought employed. Secondly caome two texts (stemming from a single
teblet) reporting a didactical explanation of the truonsFormations
of a first-degree-"equation".

On the basis of the insights gained from these texts it will
be possible to proceed to further second-degree-problemy involving
supplementary First-degree-transformations, which will give us

a more complete picture of the relations between first- and second-

degree-techniques.
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The problem deals with adomein composed of two partial Fields
amounting
of areas Si and 5“. The first field yields a rent in kind7 to
Ty =4 gur of grain per bur, while the second yields Tyt 3 gur per
hurﬂz"). In the present problem, the total area is given to be
5i+5li = 30" [sar]l, while the difference between the Lotal rents
yielded by the two fields is given as ni‘“j_i‘ 820" (sila]).

(1bur = 30" sar, T gur=5° gila).

Obverse I
rizagur/bur 1. From i bur 4 gur of groin I hove
collected.

i-na bucr¥ 4 Ee-guer am-ku-us

rii=390r/bur 2. From 1 second bur 3 gur of groain
I have collected,

i-na bir™ ga-ni(-im] 3 $e-gur am-ku-us

Ry ~Ry = 8°20° [sila) 3. The graoin over the grain 8°20- goes beyond.
fe-um u-gi Se-im 8,20 i-tir
Si+5ﬁ=30‘ {sar]) 4. My meoadows® I hove occcumulated: 30,

gar im-ia 9ar-gar-pa 30

5. My meodows whot?

garim-y-a en-nam

The value of the prac- 6. 30" the bur pose. 20° the grain which
tical unit bur is

"posed” repeatedly in he has collected pose,

the learned unit sar, 30 bu-ra-am gar-ra 20 Se-am Sa im-ku-si gar-ra
while the speeific

rents are posed di- 7. 30" the second bur pose.

rectly, without the o

intermediate calcula- 30 bu-ra-am Ba-nizam gar-ra

tion, as

ryt= 4-5E20° [sila/bur) 8. 15" the groin which he hos gollected pose.
tif= 3-5°R15" [sila/bur] 5] sle-a)m &la) im-ku-3§ gar-ra




Similarly, Ri-Ry; and
5;+5;i are "poseb‘"

The total surface
Si+5ﬁ = 30" (sar] is
bisected into two
partial fields of 15°
and 15°, and the
respective rents are
calculated under the
assumption that the
original specific
rents hold good lor
these two Fields:

First the specific
rents are recalcu-
lated in units of

sila/sar (expressed
as "false grain).

Next the hypotheti-
cal total rents R}
and R are found
throu:j"l multiplica-
tion with the hypo-
thetical areas of
15" [sar):

R{ =10" [sila)

R]!i = 77307 [silal

/5

11,

12.

13.

14.

15,

16.

14a.

17.

18.

20.

200,
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8°20° which the groin over

goes beyond pose
8,20 3[a} £e-um v -gQu Se-im i-te-ru gar-ra

the groin

. and 30" the occumulation of the surfaces

of the meadows pose
D 30 ku-mur-ri a-$3 gatim-med gar-ra-ma
30°

the meodows

the occumulation of the suvurfaoces of

30 ku-mur-ri a-33& garim-mesd

to two break: 15°.

a-na 8i-na hi-pi-ma 15

15 and 15" until iwice pose;:
15 4 15 a-di Bi-ni-8u gar-ra-ma

The igi of 30°, the bur, detoch:
igi 3bu-ri-im pu-tur-ma 2

2” to 20", the grain which he hos collected

2 a-na 20 e Za im-ku-si
roise, 40°, the faolse grain*; to 15 which
until twice

i1 40 Ze-um 1[ul) a-pa 15 $[a) a-d(i} Bi-ni-3u
you hove posed

ta-ag-ku-nu

roise,
i1

10" moy your heaod retoin.
10 re-eE-ka §1}i-ki-il

The
igi

igi of 30°, the second bur, detach: 2™.
3¢ bu-ri-im 3a-ni-im pu-tur-ma 2

2 to 15, the groin which he has collected
2 a-na 15 fe-im Ea fm-ku-si

roise, 30°, the folse grain; to 15 which

until twice

i1 30 Se-um lul a-na 15 8a a-di 3i-ni-Bu

you have posed raise, 7°30%
ta-aS-ku-nu {1 7,30



The difference be-
tween the hypetheti-
cal total rents is
found:

R! -RL = 10°-7"30"°

i S 2°30°

This difference
falls 8°20°-2"30°
= 5°50° short of
the real differ-
ence

The increase of the
difference between
the total rents is
found for a transfer
of 1 sar from the
second to the first
field: R} increases
by 40°, R} decreases
by 30°, anﬂ hence the
difference increnses

by 40°+30°=1°10" [silal.

The required tokal
tronsfer is
Found through a divi-
sion by 1°10° to be
5* lsar], which is
then added to the
First hypothetical
partial field and
subtracted from the
second in order to
yield the real "mea-
dows™:
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21. 10" which your head reteins
10 Za re-ed3-ka d-ka-lu
22. over 7'30° what goes beyond? 2°30°
it goes beyond.
v-9d 7,30 mi-nam i-tir 2,30 i-tir
23. 2°30° which it goes beyond from 8°20°
2,30 $a i-te-ru i-na B,20
24. which the groin over the groin goes beyond
$a Be-um uv-gl Ze-im i-te-ru
Obverse I1
1. tear out: 5*50° you leave.
U-si-uh-ma 5,50 te-zi-ib
2. 5°50° which you have left
5,50 3a te-zi-bu
3. moy your head retain

10.

.

12,

a-na

re-ef-ka li-ki-il

. 407, the chlonge,] ond 30, (the change]’

40 ta-ki-ifr-tam O 30 [ta-ki-ir)-tam

accumvlate: 110", The igt‘m“ I know not.

gat-gar-ma 1,10 i-gi-alem G-ul i-de)

Whot to 1°10° shall I pose

mi-nam a-na 1,10 lu-ud-kuf-onl

which 5°50° which your heaod retoins gives me?
$a 5,50 3a re-ef-ka d-ka~lu i-na-di-nam

3* pese. 5 1o 1°10°
S gar-ra 5 a-na 1,10 {1

raise,

5°50° will it give you
5,50 it-ta-di-[kJum

5" which you hove posed from 15° which until
twice

5 $5a tla)-ad-ku-nu i-pa 15 Sa a-dii) 3i-ni-Su

you hove posed, from one tear out

ta-ag-ku-nu i-na i[§)-te-en G-si-uh

to the other append.

ig-te-en s{i)-im-ma




Si =15°+5" = 20" [sar)
Siiz 15" -5 = 10" fsar)

Proof:

The total rents Ry
and Ry are found

for the values
$j=20" sar, 54=10"
sar (by renewed cal-
culation of the
“false grains")

Fimally, the differ-
ence between the
rents of the two
megdows is found to
be 8°20° as
required.

13.

t4.

15.

16.

17.

18.

17,

20.

21,

22.

23.

24,

25,

26.

27.
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The first is 20°, the second is 10",
i-te-en 20 Sa-nu-um 10

20° is the surface of the first meaodow,

10° is the surface of the second meadow.
20 a-53 garim if-te-at 10 a-33 garim Sa-ni-tim

If 20" is the surfoce of the first meadow,
Sum-ma 20 a-%53 garim if-te-at

10° the surfoce of the second meadow,

their grains wheot?
10 a-8a garim Za-ni-tim Ze-i-8i-na ennam

the igi of 39", the bur, detach: 27
igi 30 bu-ti-Im pu-tur-ma 2

2" to 20", the groin which he hos collected

2 a-na 20 Ze-im #a im-ku-s[d)

toise, 40°; to 20", the surfoce of
the first meodow

{1 40 a-na 20 a-54 garim il§-te-at]
raise, 13°20° the grailn, thot of 20, the
surfoce of the meaodow.

i1 13,20 3e~um Sa {2¢ a-3& garim]

The igi ef 30°, the second bur, detoch: 2.
igi 30 bu-ri-im Sa-ni-[im pu-tur-m)a 2

27" to 157, the grain which he hos collected,
roise, 307,
2 a-pa 15 Ze-[im Za im-ku-si {}1 30

30 to 10°, the surfoce of the second
meadow,

30 a-na 10 al-84 gatr im ZGa-ni-tim}

roise, 5 the groin, that of 10°, the
surfaoace of the second meadow.

£1 .5 Ze~[ulm (8a 10 a-&4 garim Za-ni-tim]
13°20° [(the grain of the first meodow)]'
13,20 (e~-um (Za/a-33) gacim id-te-at]

over 5 the groin [{of the second meadow)]
u-gd {5] Eef-im (Ba/a-53) garim 3a-ni-tim)

what goes beyond? 8°20° it goes beyond.
mi-pam i-tic £08,20 i-tig)
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* vmeadow” trenslates garim (~towirtum), "(Feld-)Flur,

Umland, Umgebung". This name for a specific sort of Field
is possibly used beceuse the normal name for e field
(eqlum} is occupied in mathematical contexts as "surface”.
(the same word is used for partial fields in VAT 8512, cf.
von Soden 1939:140, and, covered by the logogram A-ENGUR,

perheps in many other texts, cf. Thuresu-Dangin 194081
ar}.

* The plural of the "fields" is indicated by the suffix
-med, which in the living Sumerian language had been
reserved to s plurelity of persons (cf. Falkenstein
1959:37). Obviously, the Sumerograms of the text are
abbreviations for Akkadiean thought, snd not evidence of

an unbroken Sumerian mathematical tradition. Cf. also
SLa, 63, § 76.

i "Grain" is in the nominative form, %e’um. So, for
once we are allowed by this happy spposition to inter-
prete the common construction where a single number
stands beth as the result of one operation and as

the obrject of the next: In the present case st least,
the number is made explicit as a result, and is then
implicitly urxlerstood in the next phrase.

This observation mokes sense of a peculiar usage
of the tablet BM 13901, viz. the use of the Sumerian
agentive suffix -e as a separation sign between
numbers. Indeed, Neugebauer made this explicit in
his translation {e.g. in NO 1, Obv, 1.1, translating the
passage "ak-mur-ma 45-e 1 wa-si-tam" as "habe ich
addiert und 0345 ist es, 1, den Koeffizienten", Since
the suffix is only used when a separation uf a result
from a succeeding number is required, I choose to
reqgard the main function of Lhe sign as a separation
indicator, and shsorbed it into the interpunctuation
of the translation. There is, however, little doubt

that a secondory agentive connotation is also implied
by the sign.

g “Change” translates takkirtum, my conjectural restitution
of the damaged words of the line. Both Neugebauer and Thu-
reau-Dangin suggest ta-ki-il-tam, beceuse this word was
known to them as s mathematical term,- which seemed to make
some sense, since they interpreted Zutfikulum simply as mul-
tiplication and takTltum hence as a "factor’. The profounder
understanding of the terms makes this reading meaningless
and hence problematic. The only other word listed in AHw
which seems to fit the remaining signs of the line is
takkirtum, "Anderung”. It is sbsent From other mathematical
texts, but it turns out to make excellent sense in connec-
tion with an arqument for which psrallels are just as absent
from our text materiazl. Indeed, the term derives from the
D-stem of nak&rum, viz. nukkurum, "(ver)éndern”, "bessern",
"weitergeben™, “anderswohin bringen", etec.

The restitution is only conjectural. Truly, Aage Westen-
holz finds it to Fit the photogreph st least as well as the
old reading; but enother trained eye, viz. thet of von
Soden, rejects it as impossible {personal communications).

® The text appears to distinguish the igi, i.e. the
reciprocal of a number {an abstract mathematicsl con-
cept), from the tgble value igim, a very manifest entity.
The latter term, in fact, turns up when the sbsence of
the value from the table of reciprocals is stated. So
does even the following text. CF. YBC 967, sbove,
section V.1, which deals precisely with table values.
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* The double brackett [(...)) is used for a restitution
of a passage where no parallel passages indicate the
precise words of the original.

The mathematical commentary aligned with the translation shows
that all steps of the procedure can be interpreted very concretel¢129.
In principle, the text csn of course also be Followed by en abstract
symbolic calculation (in the way its correctness is proved in
HKT). But the text contains many steps which are superfluous if
we suppose the real procedure to have been abstractly algebraic or
arithmetical -- so for instance the recalculation of the specific
rents per sar in each case separately. The very complexity of

the procedure points in the same direction: Why should the system

- . 5° -a° .
Si+sji =30 SN (45i- JSﬁ) =8°20

be solved via caleculation of the quantity 5;- 21%§ii 7 In the text
discussed immediately below, a still more spectacular detour (as
viewed from the standpoint of abstract algebra} will turn up;
finally, all problems from the group to which the present as well
as the following text belongs can be followed in detail on the
level of concrete thought. Even before we teke the possible use
of the term takkirtum into account there seems to be little doubt
that the real procedure is close to the one exhibited in the
marginal commentary; i facollation confirms the possibility of the new
reading, we can presumably regard the interpretation as fully confirm-
ed, since no other replacement of the impossible takIltum seems at hand.
[f we accept this coenclusion, a number of features can be
observed in the text. We observe that all intermediate quanti-
ties can be given 8 concrete meaning, either directly or, more
significantly, with regard to a hypothetical situation. The
"false grain" can be understood as “false" if we see it as
that amount of yrain which could he collected from the field

in question had it been of ares 1 sar; and the 2°30° (sila) of
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obv. 1, 22 can be interpreted as the difference in rents had the
two fields been of equal magnitude,

The problem is of a type which in the Islamic Middle Ages
might have been solved by a “double false position4126{ The
present text avoids the technicalization inherent in this proce-
dure and sticks to steps which can be intuitively and directly
Justified. The text keeps far from understanding via abstract
arithmetical relationships; but it keeps equally far from the
use of schemats learned by heart, and close to procedures which

can be understood and explained.

Among the details of the text, the kreatment of the bur de-
in obv. I,17-21,
serves closer attention. Both in the beginning of the text,/and
again in the proof, "the bur" and "the second bur" are distinguished,
It appeuars that the value of the bur is not just taken note of
as a number when it is "posed” in the beginning: It is written

down or represented in two different calculation schemes or

concrete representations of the two Fields.

We may compare this use of "posing"” with that of obv. 11.6-9,
the division of 5°50° by 110", The double construction of line
8 shows that "posing” is different From the arithmetiecal pro-
cess of multiplication, the “raising, but at the saJ:?E;rt of or
presupposition for .the performance of the computation -- apparent-
ly the "posing” in question stends for the insertion into a compu-
tational scheme or other fixed procedur41?7{

A third function of the term is lound in obv. 1,9-10: When
Si+5u and Ri'“ﬁ are posed, it can have nothing to do with fixed
preocedures .- the entities Sitsii and Riiﬂﬁ_ are dealt with differ-
ently in the set of related problems. Apparently, these basic

given gquantities are taken note of, presumably in writing, in
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any case by some material mesns. We may assude that the way it
is done is similar to the way burs and divisora are "posed” in
computational schemes or fixed representations.

Dur guarantee that “posing” of a given quantity uses some
material means is provided by obv. 1.17 and 11,3. In both places,
intermediate results are to be "kept in mind"-- literally te be
"held by the head". This is an expression which is only used
for intermediate results, never when given quantities or quan-
tities found by naive-geometric manipulations are taken note
of. "Keeping-in-mind" appears to concern the recording of inter-
mediate results which fall outside fixed procedures and computa-

tional schemes.

The two tablets VAT 8389 and VAT 8391 belong together, and
contain a number of problems dealing with the same two fields.
In the present problem, Si'sij and Ri"'“i.i are given (tegether
with the volues of the specific rents, which are common to

all problems).

Reverse 1

Given are again 3. IF from 1 bur of surfaoce 4 gur of
11:;::“3 gguurr//t::::r, and graoin 1 have collected,

Zum-ma l-na bur¥ a-{3a) 4 Ee-gur [am-ku-us)

4. from 1 bur of surfoce 3 gur of graln
1 hove collected,

j-na bur™" a-%3 3 Se-gur am-[ku-us]
Further 5. now 2 meodows, Meadow over meaodow
Si-Si=10"Esar} 10° goes beyond,

i-na-an-na 2 garim gacrim u-gb gacim 10 i-tir



Ry+Ry = 18" 20" (sila}

The bur is "posed” (in
sar) once for each mea-
dow, and so are rj and

ri (in sila/bur}

§;-5; is "posed"
{the entity will be

designated 5' in
the following)

R;+Ry is “posed"

The waglm is "posed”

The specific rent of
the fFirst meadow is
recalculated in
sila/sar

The rent R' of that
part 5' of the first
meadow which exceeds
the second meadow

is found Lo be R'

= 6°40°.The remain-
der R of the total
rent, R" =Rj+Ry-R'

= 11°40%, must then
come from equal
areas of the two
meadows.Hence, a
unit area is regar-
ded; it is seen as
composed of % sar
from each meadow.
Ihese parta are
I!pused“
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4. theirgroin I hove accumuvloted: 187207
fe-e-Ei-na gac-gar-ma 16,20

7. My meadows what?

garim-i-a ennam

8. 30° the bur pose. 20" the grain which
he has collected pose.

30 bu-ra-am gar~-ra 2¢ Se-am Sa im~ku-sd gar-ra

§. 30 the second bur pose. 15" the groin which
he has collected

30 bu-ra-am Ea-ni-am gar-ra 15 Ee-am Za im-ku-sd

.fa.pose.
gar-ca
10. 10" which meodow over

goes beyond pose.
1(0 £}a gacim u-9t garlm j-te-tu gar-ra

meodow

11. 18°20° the occumulation of the groin pose.
[18,20 ku-)mur-ri Ze-im gar-ra

12. 1 the wastm® pose,
[t wa-gil-am pose

13. the igi of 30", the bur, detach: 2°3 to 20°,
the groin which he hos collected

igi 3(0 bu-ri-im pu-fur-mja 2 a-na 20 Ze-im fa im-ku-si

t4. roise, 407 the false groin; to 10° which
meodow over meadow goes beyond
i 40@ llulmvloi(_a_ garim) ul-9b
garim i-te-tlu

15. roise, 4°40°; from 18*20°, the occumulatien
of the grain
f1 6,40 i-na 18,20 ku-mur-ri Ze-im

16. tear out: 11740 you leove.
u-gi-ub-ma 11,40 te-zi-ib

17. 11 40° which you have left, may your heod retain.
11,40 Sa te~zi-be re-ed-ka 1i-ki-il

18. 1 the w330m to two breok: 30°.

1 wa-gi-am a-na §i-na hi-pi-ma 30

19. 30" ond 30 until twice pose:

30 & 30 a~di 3i-ni-3u gar-ra-ma
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The specific rents 20. The 1gi of 30%, the bur, detach: 27 to 20°,
rj and rjj sre re-

the grain which he hos collected
calculated (rj a
second time) in igi 30 bu-ri-im pu-tur-ma 2 a-na 20 Ze-im fa im-ku-sd
sila/sar. The
rents of the two 21. roise, 40°; to 30~ which until twice
halves of the unit ou have posed
sar are found, Yoy have po3=t

i1 40 a-na 30 Sa a-di gi-ni-8u ta-a-ku-nu

the first to be 20° 22. raise, 20°; may your heed retain.
{1 20 re-ed-ka li-li-i}

23. The igi of 30°, the second bur, detach: 2",
igi 30 bu—ri-im Ba-pi-im pu-tur-ma 2

24, 210 15", the grgin which he hos collected
2 a-na 15 Se-im Za im-ku-gd
25. roise, 30°; to the second 30° which
the second to be 157 you have poted ralse, 15-.
i130 a-na 30 Za-ni-{ijim 5a ta-af-ku-nu {1 15

24. 15° and 20° which your hedad retains
15 4 20 8a re-gi-ka bH-ka-lu

Hence, the rent of 27. accumulate: 35°; the igim I know not.
the average unit sar

is 35°. Since the gar-gar-ma 35 i-gi-am d=-ul i-di
total rent of the .

) (5-5')+5ﬁcanhe 28. Whot to 35° shall I pose
taken to comé from mi-nam a-na 35 lu-uf-ku-un

such averoege sars

(5,-9=5..}, and since 29. which 11°40° which your heod retains gives me?
1t is idown to be —
R%=11°40°, (§-9)+5; Sa 11,40 Ea rle-g)i-ka d-ka-lu i-na-di-nam

can be found through . . . “ane
division by 35° to 30. 20° pose, 20° to 35" raise, 11* 40

be 20°. will it give youw.
20 gar-ca 20 a-lna) 35 £1 11,40 it-ta-di-kum

By error, this ares 31, 20° which you hove posed is the surfaoce of
20" is not bisected,

which would give S8 the first meadow.

and S5. Instead, it 20 3a ta-af-ka-[nu a-]34 garinm i§-te-at

is confused with the . '

area of the first 32. From 20° the surfoce of the me adow,
':ﬁg:';; :(:::;hl:‘sad_ 10* which meodow over meg dow goes beyond
vance to be 207 ). i-na 20 a-33 gacrim 10 3al garim u-gb garim
S5 dis then found i-tle]-

t#rough the subtrac- i-tlelmeu

tion of 10" = 5;-5¢ 33. tear out: 10° the surfoce you leave.

G-sd-uh-ma 10 {a- %3 te-)zi-ib
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Reverse 11

1-% {contains o proof of no specific interest)

TS T e, iR, o & O

The basic conclusions could be repeated here: Once more, all
more complicated steps in the calculation are chosen such that
their results con be given 8 concrete meaning (and as before,
simple transformativns like that of bur/gur to sila/bur are per-
formed without commentary)., This time, however, there is direct and
undamaged textual evidence for the correctness of the concrete inter-
pretation given in the marginal commentary(12$. Firstly, of course,
the 35° of rev. 1.27 must necessarily be the rent of an average

sar; secondly, the rent of 20° which corresponds to the semi-sar
belonging to the first field is calculated with reference to "the
bur", while the 15° corresponding to the second field is calcu-
lated with explicit reference (in rev. 1.23) to "the second bur"”,
which all the way through belongs with the second field. The
357 is clearly not the rent of an abstract average sar but
that of a sar composed half from one and half from the other field.
This confronts us with a terminological problem: It appears
that the bisection of rev, 1.18 does not affect an area but
instead a widith of 1. Indeed, the wdsim which is already posed
in rev.1.12, and which is later bisected, is nothing but the
masculine form of the wagitum known from BHM 13901, the width
of 1 which transforms a length into an sres of equal magnitude.
Evidently, the term is supposed by our author to refer to
a familiar quantity. Like the bur, it is "posed” (in rev.1.12)
for use in the cslculation without being mentioned before among

the given quantities.
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The most obvious assumption is that the term means the same
thing here as in the quadratic equat{ons. 1f it does, we are
provided with a clear exposition of the conceptuslization of
the calculation. The unknown srea mi-sq-.sﬂ =5 must be thought
of as a rectangle of length s and width 7. Hslf of it, of length
s and width 4 belongs to the first field, and the other half,
of equal length and width, belongs to the second field. The
35 should not then be thought of strictly as the rent of 1 ave-
rage sar, but as the rent of 1 unit length {1 nindan) of the
rectangle; similarly, the division of rev., 11.28-30 daes not
give us directly the area s, but instead the length s of the rect-
angle, end thereby implicitly its area.

The ides mey seem strange to us. But a related conceptualiization
appears to lay behind the area unit ede (1 eSe, = 10° sar). It
correspends to a field of width "1 rope" (1 eSe,= 10 nindan) end
length 1° nindan; another unit, the "{area) nindan", haa the
same length but only the width 1 nindmngl Similar ideas are
also found in Egyptian ares metrology {1 "cubit of land” being
o rectangle of width 1 cubit and length 100 cubit = 1 "reel of
chord”, while 1 "thousand of land” had the same length and a
width of 1000 cuhitghsm) and in Babylonian measures of volume
(identifying units of area snd volume by means of a standard
height equal to 1 cubit). 5o, the whole idea may have been
most concrete to a Babylonian scribe,- and hence the identifFi-
cotion of wigim end wagitum can be considered reason5b1e031l

We remember that it is precisely the idea that a linear exten-
sion possesaes a "standard width" of 17 nindan which permits us
to see an area calculation as an operation of proportionality or
scaling, and which thus gives conceptual unity to sll applications
of the term "raising” -- cf. Figure 3 and the discussion of the

term meaning of the term in section IV.3.
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The two preceding texts treated seemingly concrete (if surely
not practical) problems of the first degree. The present texts
are very different. They deal with the basic abstract length-

width-representation, and they solve no problemsﬁn) ;3 instead, they

present us with a didactical diacussiontggfgig:i?gr:ggions of
simple “equations of the first degree". They have been excavated
in Susa (late 0ld Babylonion epoch), end they belong to a type
not known from Babylonia itself. Maybe the need to fix didactical
explanations in writing have to do with the fact that the texts
represent a cultural import, no continuous autochtonous tradition;
maybe the 5S5usa excavators havivwztygood luck where those working
on {or looting!) Babylonian sites have not.

Although the two texts are mutuwally independent, they are

so close to each other that both trenslations are best given to-

gether, before the commentary.

Part A
(x=30, y=20) 1. The 4th of the width from thelength and
x+y-%y =45 width to teor out, 45. You, 45
[4-at sag i-na) w3 0 sag zi 45 za-e 45
G - m - ) =3 2. to 4 raise, 3" you see. 3", what is thot: 4
and 1 pose.
la—na 4 i-8{ 3 taj-mar 3 mi-nu Su-ma 4 2 1 gar
x+y=50, ¥y=5 3. 50 ond 5, to tear out®, pose. 5 to 4
45z [4-Xy=} 1.y rgise, t width. 20 to 4 roise

[50 4] 5 z4 Tgar” 5 a-na 4 i~{ 1 sag 20 a-na 4 i-&{



4:20:1°20° = 4y
4:30=2" =4.x

1°20° - 20 = boy-1-y
=1
41 = [4-)x+3ey=3

47! = 15°
2 =%@4a-1x) =30
= Tex

1" =15=(%-1y
[tex+%y=) 30+15

The coefficient to y
is found by an argu-
ment of type "single
false position" to
be {4-1)/4=3/4:=
X-3:=15"-3:z45"

The coefficient to x
is 1 (Ffrom line 6)

The "width"™ y ofF the
calculation is known
to be 1 times the
"true width" (of a
figure?); hence y =
1+20 = 20, and

45 -y =457-20 =15,
which when subtracted
from 45 = 30415 leaves
30=1-x

10.

i1.

12.
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120 you sege, 4 widths, 30 to 4 roise,
2° you see, 4 lengths. 20, 1 width teo
teor ovut,

1,20 ta—<mar> 4 sag 30 a-ha 4 i-8f 2 ta-<mar> 4 u$

201 saqg =zi
. from 1°20°, 4 widths, tear out, 1*
you see. 2°, lengths, ond 1°, 3 widths,

ACCUMULATE, 3° you see.

i-na 1,204 sag zi 1 ta-mar 2ud 4 13 sag UL.GAR

3 ta-mar

The f1gi of 4 detach, 15° you see, 15° to 2°,
lengths, roise, 30 you see, 30 the length
fgi 4 pu-{tG-d]r 15 ta-mar 15 a-na 2 wd i-Ef 3[0)
ta-<mar> 30 u3l

157 to 1° raoise, 15 the contrlbuticnf
width. 30 and 15 retoin™(?).
15 a-na 1 i-8{ [1]5 ma-na-at sag 230 4 15 ki-il

of the

. Since "“the 4th of the width to tear out®,

he hos said’, from 4, 1 tear out, 3 you see.

ad-Zum 4-at sag na-gid-hu ga-bu-ku i-na 4 1 2 i

The igl of 4 detach, 15° you see. 15° to 3
raise, 45° you see, 45° as much as {there is)
of widths.

igi 4 pu-<ti-ir> 15 ta-mar 15 a-na 3 1-31 45 ta-<par>
45 ki-ma [sag)

3 ta-mar

1 as much os of lengths pose. 20 the
width toke. 20 to 1 roise, 20 you see.
1 ki-ma ud gar 20 gi-na sag le-gé 20 a-na 1

i-8i 20 ta-mar

true'

20 to 45° roise, 15 you see. 15 from 3015

tear out,

3

2¢ a-na 45 i-&{ 15 ta-mar 15 i-na ‘015 {z 1)

30 you see, 30 the length.
30 ta-mar 30 ud

* IMS trenscribes the beginning of this line as "[50 &)
S Z1.A(!) <GAR>" and interpretes ZI as a (phonetically
motivated) writing error for 51, which would give the



Part B
(x=30, y=20)

a4

(x=y)} + %y

- -
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passage the meaning "50 and 5 which go beyond <pos e>"
The supposedA is, however, damaged and clearly separated
from the 21. As far as I can see From the autagraphy, the
traces might as well represent the lacking GAR, which
would give the reading "[50 ) S zi gar™, "50 and

5, totear oul, pose". This has the clear advan-
tage over the reading of THS to be in agreement with
the zi , "to tear out™, of line 4, as well as with
those of lines 1, 5 and 8. The latter of these, which
is an explicit guotation of line 1, is written in
syllabic Akkadian, excludingany error. It is also

this quotation which shows that the z i is thought

of as an infinitive, not ss a finite form - cf. below,
note ().

t "Contribution" translates mantum, en shstract noun
derived from manim, "to count™, Etymologically, the
meaning would be "the count"/"the counting”. However, .Lhe
termis found enly here and in two other Susa texts

(TMS XIT and XXIV}., In one of these, its use is

unclear, in the other the term is isolated by a

break. Allw sungests hypothetically an identification
with Hebrew ond Aramaic m®pat, which in HAHw {pp.
438%-439') is exemplified by “Anteil der Priester und
Leviten™ and “d, Teil (Beitrag) des Kénigs". The an-
suing "share/contribution of the widths® fits the present
text excellently (and it is not contradicted by the
other two occurtences).

" vRetain® is a conjecture (kilil!) due to von Soden
{1964:49). TS has hulum, Assyrian for "way", inter-
preted as "method” by the editors.

5 this quotation is very remarkoble, since the ideo-
graphic zi is rendered syllabically by an indubitable
infinitive, na-sd-hu.

g TH5 claims that an indubitable gi-na, “true", must
be a writing error for ki-mg, "as much as". 1f this

were the case, kima sag, as mueh as of wldths”, would
represent both the coefficient to the width (45°, in

line 9} and the value of the width (20, in line 10)!

13. The 4th of the width to thot which length
over width goesbeyond to append

4-at sag a-na 5a u$ ugu sag i-te-ru dah

4. 15, You, 15 to 4 raise, 1 you see, what is thot?

15 za-e 15 a-na 4 i-&{ 1 ta-mar mi-nu-$u-"4)

15. 4 and 1 pose. {...}

401 gar {15 a-na 4 1-&f 1 ta-mac mi-Lnu-Zu-§))
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x-y =10, ky=z5 15. 15 scatter™. 10 the going-beyond and
5 the appended pose. 20 the width

ts gi-pi-ih 10 dirig 45 dah gar 20 sag
(x-y)+y = 10+20

z 0=x 17. to 10 the going-beyond append; 30
the length, 20 to teor ouvt pose.
4ky=4-5=20=y 5 to 4 roise,

a-na 10 ditrig dah 30 u$ 20 z4i gar 5 a-na 4 i-E1

4-y=4-20z21"20" 18. 20 you see; 20, the width, to 4 raise,
1°20° you see.
20 ta-ma¢ 20 sag a-ha 4 i-31 1,20 t{a-mar]
4.xz4-30=2" 19. 30, the length, to 4 raise, 2° you see.
20, the width,
36 u¥ a-na 4 i-3{ 2 ta-mar 20 sag

f-y-y=z1" [=3-y] 20. from 1°20° teor out, 1" {..
(3 widths(?))}; 1)
j-na 1,20 2§ 1 (...]1 1 ta-mar L... 1]

-1 T you see

- {bey-y) = 21. from 2, lengths,
e whot is that? [...)

i-na 2 ud zi 1 ta-mar mi-ou Bu-§ [...01(7) ta)...)

teor ocut, 1° you see,

The coeflicient to 22. From 4, of the fourth™ 1 tear owvt,3 you see.
y is found by an

argument of type The igi of 4 detach, 15° you see.
"gingle false po- i-na 4 ri-ba-ti 1 zi 3 ta-mar igi 4 pus-pd-dr> 15 ta-[mar)
sition" Lo be
(6-1)/a=3/4=%.3 23. 15° to 3 roise, 45° you see, os much as of
= 15°-3=45; the L
"negative” (i.e. widths pose. Pose to teor out
subtractive) type {15) a-na 3 i-%{ 45" ta<-mar> ki-ma sag gar gaz 2i-ma
of which is noted.
The coefficient 24. 1 os much as of lengths poesel[...] 1 toke,
to x is 1, — —_—
1ox=1-30z30 to 1 length

1 ki-ma u® gar ...] 1 le-gé a-na 1 ud

25. fralse, 30 you see(..J)". 20 the width,
45 -y = 4520215 20 to 457, widths , rolse,

(i-%L 30 ta-mar (..J) 20 sag 20 a-na 45 sag 1-31

154+ 45y =15+ 15 26. 15 you see. 15 1o 15 append, 30 you see,
el 30 the length.

(15 ta-mar 15) a-na 15 dah 30 ta<-mac> 30 ud
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¥ n7o scatter” transiates sagﬁggm, "aufliisen, zerstreuen"
{the reading is due to von en - private communica-
tion, cf. 1964:49). In fact, 15 is "scottered", i.e.
analyzed into its constituent components 10(=x-y) and
S{=%y).

*written ri-be-ti, a genitive plural. CF. BM 13901,
N® 10, note (%J.

t s reads "4 z i-ma" snd neglects the ™4" in the
translation, since this number gives no sense. Often )
GAR (=gar, "to pose") and 4 cannot be distinguished;
S¢, we geem to be left with the choice between a for-
mitlation which mukes no sense in its context, but which
tould have crept in by a copying error {the reading of
T™S) and a reading which mokes scnse, and which possesses
aparallel in line 17 (the present reading). However,
close inspection of the sutography shows an cutspoken
tendency to write GAR symmetrically, while 4 is nor-
mully written asymmetrically (as 3P and ¥, respective-
ly}. Only collation could decide whether the few ex-
ceptions are due to the scribe or the copying, and
whether the difference reflects a different sequence

of impression of the wedges. In sny case, the proble-
matic sign is as much o GAR as its left neighbour. So,
the reading "gar z i-ma" eppears to be established
beyond reasonshle doubt. Cf. also part A, line 4

**IMS makes a different restitution, which presupposes
that lagum, “to take", is used synonymously with na3im,
"to raise™ as a term for multiplication. This presuppo-
sition is totally unsupported, and clearly contradicted
by pact A, line 10.

The present restitution is conjectural - only the
"raise” required by the "to" seems secure. Poasibly the
restitution Fills out the entire lacuna, possibly
8 few more signs can have found their place.

Both parts deal with a length of 30 and a width of 20, and this

is supposed by the text to be known in advanceﬂjﬁ, as are the sum

of length end width, the excess of length over width, end the
fourth of the width.

Part A leads off with an equation which translated into symbols
rTuns Xx+y-%y =45 and asks for the meaning of the 3° which result

when the right-hand-side is multiplied by 4. It then loeks at
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the single members of the left-hand.side, multiplying each with
4, explaining 4.20=17'20" to be dy, ¢-30=2" to be 4x, and
4-(subtractive} 5) = 20 to be a subtractive width (cf., below on
this indication of sign). The result is 2'#(71°20°-20°) = [the
required) 3°.

Then, from line 6 onwards, the reverse operation is performed,
but this time on the sum of 2'=4x and ?'=3y. 4.-2°=30 is told
to be simply x, while %-7°=715 is told to be the "conktri-
bution of y", In line 8-9, the coefficient of y is calculated
to be %+(4-1)=45", and it is given the name “as much as" (kima)
[there is) of widths. In line 10, the coefficient of x is stated
te be 7, Finally, the product of y and its coefficient is calcu-
lated and subtracted from the 45 of the right hend side (written
already as analysed in lines 6-7), and the remainder is seen to
be equal to the length, as required.

Part B runs along similar lines, the main difference being
perhaps that this time the analysis of the right hand side appears
to be made verbally explicit as a "scattering" in line 16. "Con-
tributions™ and "coefficients" recur - the former, it is true,
without the explicit label mandtum.

for the sake of clarity, the operations can be organized
schematically, as it is shown on the following pagé"“l Ve
observe that there is a close analogy between the Babylonian
text and our own treatment of the corresponding equation. Not
only the coefficients and the contributions but also the multi-
pliers f and 4 of the left margin are stated explicitly, It
seems, however, that most of the operations are supposed to

be followed mentally: only the multipliers and the numbers 50
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Schematization of the operations of part A

a 1 x + 3 y - % y = 45
B 1 x R a5’ y - 45
Y 1 30 + 20 - 5 H 45
] 50 - 5 = 45
5° 3o + 15 = 45
S I ax . & ¥ - 1y T 3
C 4 x ’ 3y - 5
4
n z ‘. 1200 - 1 = 3
& 2" + 1 = >

Apparently, the ®1® and *4" posed in line 2 of the text are the
factors written to the left of the two groups of equations. The rest
discusses the relations between the lines a to B,

It is seen that a represents the original equation of *"lepngths®
and *widths*, written symbolically, while £ is obtained from this
original equation through multiplication by 4. Y and % represent the
same equations when the known values of length and width are inserted.

In the text, line 3 "poses” the 50 and 5 of ¥, representing 5 as
“that which is torn out® (from 50). Next (line 3-5), the trans-
formation of Y into 1 is explained term for term in order to soclve
the problem raised in Yine 2: which meaning to ascribe to the 3°
which arise when the right-hand side of u is muitiplied by 4. This
is done with reference to €, { and 8.

Line 6=7 explains the reverse transformation nte y, referring to
&', where the respective contributions of lengths and widths are
separated, Line 8-12, finally, explains &' in terms of B where the
coefficients of x and y, f.e. "as much as there is® of lengths and

widths, are found and multiplied by the numerical value of these
entities,
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and 5 of line 5 are “posed”, in a way which suggests written or

other material representation; 21l the rest is done rhetorically.

in the previous texts the concrete pattern of thought was
noticed. A similar observation can be made here, both on the
terminology used Ffor contributions and coefficients and for the
way the coefficients are calculated. In both parts, the coeffi-
cient of y is found by an argument of type "single false position”
and not throwgh the arithmetically simpler but more abstract
calculation 7-% =171"-15"=45", (Similar patterns are found else-
where in the material, e.g. in VAT 7532, rev. 6-7 -- MKT I,295).

Even if concrete, the designation of the coefficient by a
apecial expression can be considered a formelization of the

technique

“sccounting’" whichwas discussed sbove (section V.6}. Another
formalization of something which was done currently with or
without formalization is the designation of certain numbers
or entities as "subtractive™, "to tear out" (in lines 3, 4, 17
and 23), written by the sumerogram z i. That we are really con-
fronted with sort of sign is most clearly demonstrated by lines
4 to 5, where "20, 1 width", is firstly given the epithet "to
tear out”, and afterwards really torn out.

zi is not only used to indicate subtractiveness but also
for the subtractive operation ("testring-out") itself, e.g. in
line 1, as it is indicated by the preposition "from" (ina). It
is an old issue whether such occurrences should be Akkadianized
in transliterations. Thursau-Dangin did so without hesitation,
ragarding the sumerograms as pure logograms which were read
by the acribes as grammaticel Akkadian and which should hence
be read s0 by us, He was so confident about this that he did not
indicate the sumerogram porentheticelly, as it is done in e.g.

TMS, Neugebauer, on the other hand, claimed that the ideogroms
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functioned as mathematical operators, not as words belonging to
current language (see e.g. MKT I, i), line 8 of part A shows

that Neugebauer was at least partly right: The statement is

quoted, but the ideographic writing z i is rendered in phonetic
writing as an infinitive, na-sa-hu (the text is written without
“mimation", the fFinal m of nouns and nominal verbal forms which

was gradually dropped). At least the term z i must, at least in

the Susa school, have been regarded as an ideogram for an abstract
mathematical operation, not as a logogram to be provided by correct
grammatical pre- and suffixes when read.

Indications exist that the resktrictions to z i and to the Susa
school are superfluous. Indeed, if ib-si, were read mithartum
(as claimed by Thureau-Dangin}, how are we to uwnderstand changes
in the ideographic expression following Sumeriasn homophonic pat-
terns (ib to ib, si, to s3i)? How are we to explain the use in
certain texts (among which IM 52301, see below, section X.1) of a
term bssdm, evidently an Akkadisnized pronunciation of ba-si,?
¥hat are we, finally, to do about the distinction between the
Akkadianization igdm, the table valve, and igi, the abstract
reciprocal number? It appears that certain Sumerograms were (at
least in certsin text-types, among which the compactly written
series texts must be reckoned) regarded as ideograms, that they
were sometimes read in Sumerian and sometimes Akkadianized without
proper inflection in person and tensé139.

A final observation on the text concerns part A, line 10-11. Both
the Formulation and the actual calculation sre conspicuous.
Why ig the width spoken of as a "true width"? And why is 45° widths
calculated not as 20 raised to 45° but in two steps, the true
width being first ranised to 1, and the result next ranised to 45°7

The immanent analysis of the text provides us with no answer;
below we shall see how at least s suggestion can be found in the
texts BM 13901 NO 14 and THS IX (sectioms VIII.1 and VIII.3, respec-
tively),- a suggestion which appears to be confirmed in TMS XIX,

cf. below, note (176).
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vI11. Combined second-degree problems

In chapter V¥, a number of simple second-degree problem texts
were presented and discussed, and in chapter VII we had a loak
at some very concrete first-degree prablems, Together, the two
chapters might convey the impression that Babylonian mathematics
was not only concrete in its cognitive orientation but alsc
simple (not to say simplistic). In order to counteract at least in
part this misleading impression the present chapter shall present
a couple of texts which combine the fFirst- and second-degree
technigues in various ways, demonstrating a bit of the saphisti-

cation to which Babylinian algebra was able to rise while remaining

concrete and "naive”. The last section of the chapter presents

another didactical Susa text, which builde the bridge from simple

ta more sophisticated second-degree algebra.

Several other problems from the same tablet were slready pre-
sented asbove in Chapter V. The present problem contains yet another
second-degree equation, this time in two variables cennected
through a simple first-degree equation. Through subgtitution
and use of the accounting techmigue, the problem is reduced to

that dealt with in sectjon V.5 and solved by the same procedure.

Obverse 11

xi+y? = 25°25° 44. The suvrfoces of my two squared lines
{ have occumulated: 25°25°.

a-8& Si-ta mi-it-ha-ra-th-ia ak-pur-ma 125,125

y=Y,x+5 45. The squored line two-third of the squared line
ond 5 ni ndan

mi-it-bar-tum Bi-ni-pa-at mi-it-hac-tim (4 5 n indaln




x=z1-2 44,

y=40"z+ 3

47 .

x?z 3.2 = 1:2¢

yt=(40"z+ 5)% =
26°40 -z + 2-40"5 -2
+ 25

1%26°00z%+2-5.80" -2
= 25
Putting 2 = 1°26°40 .z
we get when multiplying
by 1°26°40"
2%'42.5-40°-7 =
23+42.3°20°7 =
1°26°40 25" =
36767407
(Z+3°20°)? = 36640+
(3°207)° =
36717746740
7+3°20° = /36 17 4640
= 46°40°

Z=46"a0"-3720"
= 43°20°

1°26°40"z = 43720°,

1°26°40°+30 = 43°20°
whence z = 30

x=1+z=21.30=30

y=40"+24+5=
407430+ 5=
20+5=25
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1 and 40° and 5 overgoling the 40° you inscribe.
11340 4 5 (g-le-pu 410 ta-la-pa-at

5 and 5 you moke span, 25 inside of 25725°

you teor out:®
5 it 5 [tu-uf-ta-kal 25 Lib-bi 25,25 ta-na-si-aj-ma]

Reverse 1

1.

2

3.

S

7.

8.

Ao

10.

1.

25° you_inscribe. 1 ond 1 you moke span, 1.

40" and 40° you moke span,

(25 ta-la-pa-at 1 & 1 tu-uS-ta-kal 1 40 D 40 tu-ud-ta-kat)
26740 to 1 you oppend: 1"26°40° to 25"

you raise:

(26,40 a-na 1 tu-ga-ab-ma 1,26,40 a-na 25 ta~-na-Ei-ma)

36°5°40° you inscribe. 5 to 407 you raise: 3°20°
[36,6,40 ta~la-pa-at 5 &-na 410 t{a-na-Zi-ma 3,20)

. ond 3°20° you moke span, 11°6°407; to 36~ 467407

you_append:

(4 3,20 tu-ud-ta-kal 11,6,40) a-na 3(6],6,40 [tu-ga-ab-ma)
34~ 17°44°40° mokes 46°40° equilateral.
3*20° which you have made span

(36,17,46,40 - ¢ 46,40 ib~si, 3,20 §_a tu-ud-ta-ki{-lu)

. inside of 446°40° you tear out: 43720°

you inscribe
[1ib-bi 46,40 ta-na-ga-sh-)ma 43,20 ta-la-pa-alt]

1°24°40°
[igi 1,26,40 ¥-la ip-pa-tla-ar mi-nam a-na 1,206,401

shall I pose which 43°20° gives me? 30 its
ba-on-do™

[lu-u$-ku-un Sa 43,20 i-nlja-di-nam 30 ba-an -da-%u

30 to 1 you roise: 30 the first squored line.
[30 a-na 1 ta-na-£i-ma 30) mi-it-bar-tum iZ-ti-a-at

30 to 40° you roise: 20; and! 5 you oppend:
{30 a-na 40 ta-na-3i-ma 20] 4 5 tu-ga-ab-ma

25 the second squared line.
{25 mi-it-hat~tJum Ba-ni-tum
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* From obv. 11,47 to rev. 1.5, only a few signs are
preserved; from rev. 1,56 to 11, c. half of each line

is preserved. In spite of this, the reconstruction

{due to Thureau-Dangin 1936a, taken over in MKT III,

3) appears to be subject to very little doubt, thanks to
the closely related NO 24 of the same tablet.

** The term is testified only here and in Rev.,I.35
of the same tablet (where the numerical value of the
entity is %), The mathematical function of the term
is obvious, the factor to be multiplied unto 1°26°40"
if we are to obtain the product 43°20°. The general
meaning of the term is unclear, but could perhaps be
“that which is to be given together with" (ba, “to
allot” etc.; -da, comitative suffix < "side").

' Both Thureau-Dangin and Neugebaver interprete this
passege as "20 and 5 you append”. Only here, however,
and in two strictly parallel passages (rev. II,31 and
32) is "append” found together with an "and". It is
obvicusly the "and 5 nindan™ of obv. II,&5 which
gives rise to the present "and" {while corresponding
statements in rev. 11,18-19 give rise to the other
occurrences of the construction). This suggests the
interpretation given here; the observation made in
note (1) to VAT B389 NO 1 (section Vil.1) supports
Lhe interpretotion, especially becouse the use of
the apgentive suffix -e after results in a number of
places in the present tablel suggests that resuits
are even here to be understood as nominatives {the
notural Akkadian understanding of the Sumerion agent-
ive, the subject case for tronsitive verbs only),

This calls for various observations. On one hand the operations
correspond precisely to thoese of a modern solution te the same
problem, or to those of a Medieval rhetorical solution. The Baby-
lonian:?f:s fully able to reduce the problem to a basiec type as
vwere the Islamic algebrists or their wmore recent descendants, in
spite of their concrete and geometrie way of thought. On the other
hand, the concrete and geometric method is present all the way
through, mot only in the final reduction of the basic problem
ex?+fx =y {rev. 1,2.9), The squoring of (40°-x + 5) appears to
be imagined geometrically (cf, Figure 14): 40°.40" and 5-5 are
made by “spanning", while the caefficient 5.40° (an operation
of proportionality, replaing "5 squored lines" by "(40°.5) squared

lines") is performed as a "roising". Great care is taken to take
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the Factor 7 into account and to square it (rev. 1,1 and 9); the

40° 5

407

Figure 14, The ewo *sguared
lines® of BM 131901 NO 14,
with 1,40 and 5 *inscribed",
as stated in obv. II, 6.

reduction to basic type, Finally,
avoids the unnecessary step to find
the total number of "“squared lines",
which pnyhow would have to be
bisected.

If we go a bit closer to the
text, we notice that the problem

bosic

is reduced to the/type of BM
13901 N° 3 (section V¥.5}; but
the unknown "squared line" of
thin'reducedproblem is pnot
identical with the greater
"squared line" of the problem.
Insteod, the two squored lines
of the problem ore 1 times this

unknown and 40° times the unknown

.plua 5, respectively {this is why

the symbolic translaktion in the
left margyin introduces a varisble
z). An analogous distinction

between n "true width" and a

“width" obtsired throunh a multiplicotion by ? could be found in

THS XVl A, line 10, In bhoth cases, the distinction can be said to

be a distinction between an original problem and its "bssic re-

presentation”, In the present case, as meatly when concrete entities

are represented, the representing entities are not mentioned by

any name; we can only see from the calculational steps that aspe-

cific basic problem is dealt with (here that of NO 3 of the same

tablet, cf. section V.5).
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Like BM 13901, this tablet belongs tothe earliest documented
phase of 0ld Babylonian slgebra. The first three sections deal
with problems of essentially the same structure (x+y =5,
xy + ax + Py =A) and might bhave been solved glavishly by the same
procedure; instead, however, NoS 1 and 2 make use of the same
principle but apply it differently, while N© 3 goes quite differ-
ent ways. The three problems taken together thus caonstitute a
fine demonstration of the flexibility of Babylonian algebraic
procedures -- had Babylonian mathematics been nothing but a collec-
tion of standerdized recipes, everything on the tablet had looked
differently.

NO 1 was also the first Babylonian algebraic text for which a
geometrical explanation was given -- viz. by Kurt Vogel as early
as 193;139. Finally, the problems are interesting because of various

details
details in the formulations. As thesefcan all be demonstrated on

NeS 1-2, I restrict the translation to these two problems, and

explain N@ 3 only in symbolic and geometric interpretation.

NS J 1

1. Length, width™ Length ond width
1 hove made spon:

ud sag liis & sag ui-ta-ki-i1,-ma

2. a surfaoce I hove built
a-% ilm ab-ni-i

3. 1 turn ground. S0 much as length over width

as-ga-hi-ir ma-la ud ¢-11 sag
4. goes beyond

i-te-tu-d

ey + (x-y) = 33" 5. to the inside of the surfoce

I have appended
a-na 1i-ib-bi a -8 alim \i-gi-ib-ma




ey = 2T

wy+{x=y)+{x+y) =
xy+2x = %+ (y+2)
= 3°30°
x+ (y+2) = 29
Putting ¥ = y+2:
XY =330", we¥ =29
&N - 140302
20 T st

&' = &0
2 2 =15°

2L /1572300

X

XY x-Y
=Tt

14°30°+30° = 15

6.

--]
.

10.

1.

12.

13.

14.

15.

16.

17,

18.

.accumvloted: 27.
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3*3*, I turn back.
3,3 a-tu-0r ud 0 sag

Length gﬂ width

Length, width ond
surfoce whaot?

gar-gac-ma 27 ué sag & a-353 mi-nfu-ulm

27 33 things sccumvlated
15 length 3 surface
12 width

27 3,3 ki-im-ra-tu-d

15 uwi 3 a=-83

12 sayg

You, by your moking,
at-ta i-npa e-pe-Si-i-ka

. 27, the things ogcumulated of length oand

width
27 ki-im-ra-at ud & sag

to the inside of 33" g
a-na li-bl [3,3) gi-ib-ma

end:

3*30°. 2 to 27 append:

3,30 2 a-na 27 gi-ib-ma

29. HALF-PART of it, that of 29, yov breok:
29 BA.A-3u ¥{a) 29 te-he-ep-pe-e-ma

14°30° steps of 14°30°, 3°30°15°,

14,30 a-rd& 14,30 3,30,15

From the inside of 3°30°15°
i-na rLi-bi 3,30,15

3°30° you tear out:
3,30 ta-na-sa-ah-ma

15° the remainder.
equiloteral

15 §a-Ei-il.-tum 15~¢ 30 ib~{8i,)
307 to the first 14°30~

30 a-na 14,30 if-te-en

15 makes 30

oppend: 15 the length.
gi-ib-ma 15 uvi
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v 21 X1 19.°30° from the second 14°30°
14°35°-30" = 14 S S G ER Ly
20. you cut off: 14 the width
ta-ha~-ra-az-ma t4 sag
21. 2 which to 27 you have appended
2 &a a-na 27 tu-ug,-bu
y=¥=2=11 22. from 14, the width, you tear out:
i-na 14 sag ta-na-sa-ah-ma
2). 12 the truve width.
12 sag gi-na
Proof: 24. 15, the length, 12 the width,6 moke spon:
Xey=15:12=2 3 15 ud 12 sag ud-ta-ki-il,-ma
25. 15 steps of 12, 3' the svrface.
15 a=-rd 12 3 a-%3
24. 15, the length, over 12, the width,
15 ud e-1i 12 sag
x-y=3 27, whaot goes beyond?
mi-na wa-ta-ar
xy+ {x-y} =3 +3 28, 3 it goes beyond; 3 to the inside of 3°, the
=33 sur foce, oppend,

3 i-te-er 3 a-na 1i-bi 3 a-&d gi-ib

2%9. 3°3° the svurfoace.
3,3 a-82

* Thuresu-Dangin translated "length,width" {uE sag)
simply as "rectangle" (e.g. TMB, 64). That this is
indeed the correct interpretation of the composite
expression is confirmed by the Susa table of constants
(TMS 111, 32}, which spesks of the "diagonal of length
and width", meaning the diagonal of a standard rectangle
of sides 45° and 1,

® Ihis arrangement of the statement between lines 7 and
B follows the sutography (MKT 1, plate 35).
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N 2 I

30, Length, width, Length and width
ud sag ud O sag

31. 1 hove mode span: A surface 1 have built.

vi-ta-ki-il,-ma a-§ ahm ab-ni

32. I turn oreund. The holf ofthe length
a-sa-hi-ir mi-Zi-il, u$

33. ond the third of the width
U fa-lu-ul-ti sag
34, .t_o the inside ¢f my surfoce
a-na li-bi a-fa-ia
xy+ YxeYy=z15 35. 1 hove appended: 15,
{d-]gi-ib-ma 15

36. 1 turn back. Length ond width:
[a-tJu-6r ud & sag

x+ysT 37. I have accumuloted: 7.

[ak~)Jmu-ur-ma 7

1I

1. Length ond width what?
uf 4 sag mi-nu-um

2. You, by your moking,
at-ta i-na e-pe-Ei-i-ka

3. 2 (as) Ainscription of the holf
[2 n)a-al-pla)-at-ti mi-if-1li-im

4. and 3 (os) inscription
(4] 3 na-al-pa-ti

5. of the third you inscribe:
{3a-1lu-ui-ti ta-1la)-pa-at-ma

4. The 191 of 2, 30°, you detach:
igi 2-b1i 30 ta-pa-tar-ma
Var(xsy) =3°30° 7. 30 steps of 7, 3°30°; to (the place’of) 7,
30 a-r 4 7 3,30 a-na 7
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8. (of) the things accumuloted, length and
width,

ki-im-ra-tim v£ 1 sag

?. 1 bring:
ub-ha~a[l]-ma

xy+ Yox+ Yy - Y (x+y) 10. 3°30° from 15, my things accumulated

= %y - (=Y)y 3,30 i-na 15 ki-ilm)-ra-ti-i-a
= 11°30°

1. cot ofF:
bu-ru-ug, -ma
12. 11°30° the remoinder.

11,30 $a-pi-il.-tum

Yy = Yy = 1/(2-3) 13. Go not beyond. 2 ond 3 you moke span:
= t/6=10" 1{a) wa-t(ar} 2 & 3 ui-ta-kal-ma

14. 3 steps of 2, 6.
3 a-rsé 2 8

Putting X =x-10° 15. The igi of &, 10" it gives you.
we have igi 6 gal 10 l-pa-di-kum
Xy=11"30°

16. 10° from 7, your things cccumulaoted™

Key=7-107 = 67507 10 i-na 7 ki-im-ra-ti-i-ka

i7. of length ond width ] tear out:
uf 0 sag a-na-si-ah-ma

18. £°50° the remainder.
6,50 Sa-pi-il,-tun

19. HALF-PART of it, thot of §°50°, 1 break:
BA.A-¥(u] Sa 6.50 e-he-pe-e-ma

20, 3725° it gives you.
3,25 L-na-dicka

>
X

= 3°25°

21, 3°25° yntil twice
3,25 a-di §i-ni-3u
(x—;z)’ = 11°40°25 " 22. you inscribe: 3725° steps of 3°25°,
ta-la-pa-at-ma 3.25 a-r§ 3,25
(l‘%xr = (Y7 xy 23. 11'40°25"% from the inside
=10°35~ 11,40,{25]) i-na li-bi
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24. 11730° I teor out
11,30 a-na~si-ah-ma

B v = 25 25. 10725 the remoinder. <10°25" makes 25°
equileteral>

10,25 Ea-pi-ils-tum <10°257-e 25" fb-si,>

x=Xy Xy 26. To the first 3°25°
7 *77 To first
372574 25" = 3°50° a-na 3,25 i-te-en

27. 25° yov oppend: 3°50°,
25 tu-ga-am-ma 3,50

x=X+10°= 28. aond (that) which from the things accumulated of

3°50° +10° = 4 i Za f-na ki-im-ra-at

29. length ond width 1 have torn out

ud 0 sag als)-si-ah-ma

30. to 3°50° you oppend:
a-na 3,50 tu-sa-am-ma

y=x_;r+)(_;y_ = 31. 4 the length. From the second 3%25°
3°95¢ _ 253 4 u®¥ i-na 3,25 Ra-ni-im

32. 25° 1 tear out: 3 the width.
25 a-na-sd-ah-ma ) sag

3%t 7 the things occumuloted
7 ki-im-ra-tu-d

32b. ; i:;gﬁh 12 surface
4 ud
) caq 12 a-5%a

* Since kimratum is written in the status rectus
{ki-im-ra-tim) end not in stetus constructus, “length
and width" must stand (in this single case) as an
apposition, not as the second member of s genitive
construction. Hence the tranalation.

™ In most of its occurrences, kimrdtum stands so that
it cannot be decided whether a (most peculiar} singu-
lar feminine kimratum or & plural kimrdtum is meant.
The indubiteble plural of 11, 32a could eventually be
explained away {Thureau-Dangin, TMB, &7, does so,
translating "7 <et 15>, les sommes“). In II, 16, how-
ever, there can be no doubt that a single sum is spoken
of in the plursl, as ki-i{m)-ca-ti-i-ka. The
ki-i(m)-ra-ti-i-s of I1.10 is also a most certain plursl.
1t is noteworthy that the singular form to be expected
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from the plural (kimirtum}is completely absent from

the texts. It appears to be esteblished beyond
reasonable doubt that the single sum is designated by
the plural farm (and hence to the plurality of addends),
8s presupposed in my standard tranglation.

¥ This ordering follows the autography (MKT I1, plate
36). There is no doubt that 328 is meant as a separate
line, while the rest (32b) stands as a tabulation.

we can
Designating as usual the length as x and the width as y/finally

transcribe problem 3 as follows:
xy + (x-y){x+y) =113 20° x+y=140°
and from the way the sclution is formulated is is clear that the
author was aware that this was equivalent to
x+y=1"40" xy +1°40° . (x~-y) =113 20"
which could easily be reduced to 3 standard problem Xy = A, X+y =B
by the method already known from NOS 1-2, Instead, however, the
following steps occur:
(x+y)* =2"46°40"
(x+y) =~ xy - (x+y){x-y) =123 20"
which, putting x+y =1'40° = a, reduces to
y' +ay =133 20° s whence
(y 33 =1733°20% (1°40°/2)* = 2715°
y+§=y+£%l=/z—--r_r.- =1°30°
x_;)[: (x+y) = (y 4.%2) =1°40° -1°30° =10
and so finally

x:l;-'l+x—5-!=50+10:1‘

y:l‘-}!-*" =50 - 10 = 40
-- all of it formulated of course the usual way. The procedure is
fully corrects, but it J1ooks rather queer in the above symbolic

transcription.

Let us First look at the procedures which appear to be
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used to solve the three problems. The steps of problem 1 can be
easily followed on Figure 15. The simple addition of one length
and one width (regarded as rectangles of width 7, which is not
said explicitly) transforms the irregeler surface of area 3'3°
inte a rectangle of which the area and the sum of length (x) and
width (¥) are known. A bisection of this known length x+¥ = 29,
to which the rectangle x.¥ is "applied with defect®, allows the
reconstruction of the rectangular sres as a gnomon. The srea and
hence the side of the small square enclosed by this gnhomon is
found, and the originsl dimensions of the rectangle x:¥ follow
as usual. In this way, everything labelled "length", “width" or
"surface" is indeed a length, a width or a surface.

We observe that the procedure is different from the one shown
on Figures 4-6, which corresponded to "application with excess",
The corresponding problem in one variable is the type ax-x* =P
-- to give it a formulation which could be formulated inside the
Babylonian framework: "from o« square lines 1 have torn out the
surface: B", This is the type which has two positive solutions;
it seems to be completely absent from the Babylonian materiaﬂ"”

even though the problem in two variables is very common.

The reduction of Nogis somewhat more complex, but follows the
same pattern, see Fig, 16. Figure 16A shows the configuration as
we would imagine the geometric situation described, while Figure
16B describes what appears to correspond more or less to the Baby-

lonian understanding, as_described in the text. The numbers

“2" and "3" are "inscribed as inscriptions" of ¥, and Y,, probably
along the edges of the rectangle, to remind that the widths of
these edges are to be understood, not as 7 but as stated, - ané when
%x+%y is to be subtracted from the aggregated surface it is

"brought to" the place of "length and width", viz, to those
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entities which were accumulated -- it is indeed clear from the text
that the 3°30° is not breught to an abstract sum (which would alse
be mathematicelly meaningless) but to the collection of added enti-
ties (a point where the plural and hence concrete character of kim-
rdtum is of importance}. The absence of a “turning"-clause between
11.5 and I1.6 shows that the inscription of 2 and 3 and the "bring-
ing" are considered connected members of the same process -- and
thus that both regard the same figure.

When the half-sum of length and width is brought to the place
of length and width, i.e. to the edges of the rectangle, it is
obvious {and not commented upon) that the %-length is eliminated;
but more than Y,-width goes away, and a curious calculation in
II.13-15 finds the resulting defect to be 10° [width). The pro-
cess of "making 2 and 3 span" can be imagined as in the lower left
corner of Figure 16A; but an independent procedure as shown in
figure 16C seems more plausible, among other things because of the
explicit order to stop the ongeing procedure. In sort of paren-
thesis, an entity is "built" of which both %, and %, are easily
taken, to allew for a two-dimensional variant of the "single False
position” -- cf. below.

from here on, everything runs as in NO 1,

The geometrical reading of N? 3 is shown in Figure 17. It turns
out that the squaring of x+y gives us a fFigure from which the given
surface xy+{x-y)(x+y) can easily be torn out. The figure is seen
to be of precisely the same structure as that shown in Figure 2,
and other texts suggest that it was familiar in the Cld Babylo-
nian period toé13m. What remains is s square of side y end a
rectangle of sides y and x-y. This remsinder is essily rearranged
as a gnomon, as done in Figure 17B. The usual quadratic completion
yields a side of the completed square equal to 1'30°,

IF the rearrangement had been thought of as aproblemin y (the s a 9),

y*+50-y =133 20% it might have been natural to subtract 50 From
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this side y+50 = 1°30°. Instead, however, it is subtracted from

the side of the sguare of Figure 17A -- and if we look at the

subdivision of this square through the quartering lines it is

indeed evident that the difference betweesn the two entities

is the half-difference between the length and the width of the

original rectangle. It seems thus as if the steps shown in Figure

178 shall not be apprehended as a change of problem; instead, every-

thing is to be understood all the way through in terms of the

constituent parts of Figure 17A. By extension, we may surmise

that the "changes of varigble” to ¥ and X in NO8% 1 and 2 are not

really to be understood as explicit changes of the wunknownj;

that is indeed a comprehension inspited by rhetorical or symbolic

algebra where certain entities are distinguished by their own

name and hence regarded as Fundamental unknowns. Instead, all

entities in a figure which are not known ere unknown on an equal

footing as far as the solving procedure ie concerned; only as
initially

far as certain entities are asked forYcan they be considered

privileged {and relatively privileged only, as the entities

gsked for in the beginning snd those found in the end need not

cqincidé"g). This corresponds to our own comprehension of

problems of geemetrical anslysis (the phrase to be understood in

its Greek sense).

A number of features of the texts call for separate discussion.
Hoet important among these is the occurrence of the term a-ré,
"steps of", the multiplicative term of the multiplication tables.
In some places it stends alone, but time after other it is found
in double constructions that show the isolated occurrences to be
ellipses. Other texts state that » rectangle is to be built
from a length and a width, and leave the numericel multiplication
implicit, giving directly its result?®® 1n the present double
constructions, both steps are spelled out explicitly, the multi-

plication apparently through reference to the auxiliary tables --
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and in I.13 and in two places in N® 3, it is the building process
which is left implicit!4",

Another terminological peculiarity of the text is the use of
the subtractive term hardgum, "to cut off", slong with the more
current nasdhum, "to tear out"., Already from the metaphorical
contents of the two terms we migth expect that the latter would
be preferred for identity-conserving subtrection From surfaces
and the former for the shortening of one-dimensional entities,
if a distinction were to be made. This is, indeed, precisely the
main tendency of this as well as all other texts where the terms
are found together; but it is only a tendency, in the sense that
nas3hum may be used for one-dimensional entities too (most clearly
this is seen in 1.19-22: First 30° is "ecut off" from 14*30°, and
next 2 is "torn out™ Ffrom the resulting 1&)@42). 1t is thus exclu-
ded to regard the two terms as names for distinct operations. At
the same time the tendential distinction prevents us fram seeing
the terms as connotationally neutral technical terms, whose
metsphorical basis had been completely worn of f.They constitute
instances of mathematical terms which must be "regarded as open-

ended expressions which in certain standardized situations are

used in a standardized way" (as formulated sbove, note 29).

A third fermulation of interest is the recurrent BA,A-Bu Za,
"half-part of it, that ef", which is found in all three problems
at the point where a rectangle is bisected in order to sllow a
gnomonic reorganization (I,12; 11.19; I11.13), The use of the
determinative pronoun Sa shows that the quantity pointed
at, the one which is to be bisected, must have some independent
existence, mental or physical, which allaws us to think of or
point at 8 definite entity. 1.12, for instance, cannot be
read as the bisection of an abstraect number 29; it must by neces-
gity deal with something definite -- asnother confirmation of the

concreteness inherent in the naive-Babylonian interpretation.
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terminological
A final/point to be observed is the distinction which is main-
tgined between miZlum, "helf", and bamtum, "half-part", and the
corresponding distinction hetween multiplication by igi-2-bi=
30- (NO 2, 11.6) and "breaking". Once more "bresking" is seen to
be reserved to describe bisection into matural "wings® -- cf.

section 1V,5, and note (&) to BM 13901 N° 1, section V.2.

As concerns the mathematical aspect of the texts, the flexible
handling of problems and methods was slready pointed at in the
introductory remarks. It mekes clear that the understanding behind
the text must have been flexible too, that it has nothing
to do with blind application of fixed rules or slgorithms disco-
vered by equally blind luck,

related

AnotherYimplication of the tablet concerns the purpose of such
texts. I think of the tabulation between 1.7 and [.8. Here, before
the description of the solving procedure, the whole construction
and solution of problem 1 is told in advance. The subsequent
procedural prescriptions can therefore hardly be seen as an attempt
te find the unknown dimensions of the rectangle. The aim is not
really to solve the problem and find the solution; it is to
demonstrate how to solve the problem, to present sn argued solu-
tion.

The calculation in N© 2, I1.13-15, Finally, is remarkable,
though belonging more on the level of details. The Babylomian pre-

dilection for argumentation by means of a “single false position" was
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peinted out repeatedly above (sections V.6 and especially VII.3),
Here, however, the trick is extended into two dimensions, as
revealed by the term “making span" (extension apart, its relation
to the calculation of 1-%:=45" in TMS XVl is obvious). Since

Y is stated directly to be 10°, the identities Y, =30 and %, = 20"
can hardly have been considered secret. The calculation of their
difference through a geometrical subtlety must therefore be seen
as a didactical nicety, as a means to demonstrate the extension

of the simple argument.

Such didactical concerns are even more obvious in the Susa
text TMS IX, which approaches the style of TMS XVI (above, section
VI1.3). In this case, however, the text goes from simplest
("xy+x =40°") to less simple ("xy+x+y = 1") fundamental equation,
ending with a fairly complex application of the fundamental principle.
Unfortunately, the transcription in TMS is not very precise,
the restitution of damaged lines and the translation are worse,
and the mathematical commentary is at times nonsensical. Had it
not been for these circumstances, the text would probably have
changed much conventional wisdom in the understanding of Babylon-

ian mathematics 25 years ago.

PART A 1, The surface ond | length ACCUMULATED,
(x=30", y=20") 40° ((30° the leng th?) 20° the width)™™
Xy+t-x=40" a-%a 81 ud UL.GAR 4[0 (30 ud 20sagq)}
2. As 1 length to 10°, the surface [has

Alternative approach- ]
es to an understand- been appended)

ing: i-nu-ma 1 ud a-na 10 fa-3a dah)



Y=yl =20"+1=1"20" 3.
or
x-1°20° = 40° 4
or
1%20°-30° = 40~ 5
Implicit conclusion: é.
xoy+ tex =z x-(y+1)
7.
8
9.
PART B 10.
(x=20", y=20")
®ey+x+y = 1
(x+1)-(y+1) 1.
= Xey+ley+toysaa
12.
t-1=1, and s0
(x+1)e(y+1) = 13..
(Xeyexey)+ 1 =
1+1=z 2
Yzy+1=1"20" 14.
A=x+ti=1730"
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Either 1 APPEND' to 20, the width
G-yl 1 KI.GUB.GUB a-na 20 [saq)

. or 1°20° to the width which 40° together

with [the length (SURROUNDS))™
d-ul 1,20 a-na sag $3 40 fe-fti a8 (NIGINY]

. or . 1720’ together with 30° the length

MAKE SURROUND, 40° its name
G-ul 1,20 it-<ti>39 ud NIGLIN) 40 Sum-[Su}

Since so, te 207, the width, which
he has said te you

aj-3um ki-a-am a-na 20 sag £& ga-bu-ku

1is oppended: 1¢20-% you see. Out frem here

1 dah-ma 1,20 ta-mar if-tu an-ni-ki-a-am

. you osk. 40° the svrface, 1°20° the width,

the length what?

ta-2a-al 40 a-%3 1,20 sag ui mi-nu

(30 the lengt h1* So the having-been-made
(30 u Ki-a-am ne-pé—um

(Surface, length and width
AC)¥CUMULATED, 1. By the Akkadian

[a-853 ud § sag UIL.GAR 1 i-na ak-ka-di-i

[1 to the length oppend.]* 1 to

the width oppend. Since 1 to the iength
is cppended,

[t a-na u& dah} 1 a-na sag dab ag-Zum 1 a-na
uf dabh

{1 to the width is opplénded, 1 and 1
MAKE SURROUND, 1 you see.

£1 a-na sag dlah 1 b t NIGIN 1 ta-mar

{1 to the ACCUMULATION of length, width
ond svrfoce oppend, 2 you see

(1 a-pa UL.GAR ud) sag & a-54 dab 2 ta-mar
{{To 20° the width 1 oppelind, 1°20°. To
30" the length 1 append, 1°30°, -
tana 20 sag 1 daph’ 1,20 a-na 30 ud | dah 1,30



X-¥=1"30"-1"20"

X-y+xsy = 1 PART C
y+1—17-(3x+l|y) =30

1y+3Ixsdy = 17-30° =
8°30°

17y + 4y = 21y
The coefficient
of y is 21,

that of x is 3

Jex+21.y=8°30"

15.

1é.

téa.

20,

21,

22.

23.

24,

25,

26,

27.
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f(Since o suvrfal®e, that of 1°20° the
width, thot ef 1°30° the tength
({ad-Bum a-3))d Ba'1,20 sag %a 1,30 ui

{Length together with wid)th
is mode spon', whet is its nome?

((ud it-ti sa)lg’du-ta-ku-lu mi-nu Zum-Eu

2 the surface
2 a-%a

- S0 the Akkadian

ki-a-am ak-da~du-d

-Surface, length ond width ACCUMULATED,

1 the surfoce. 3 lengths, 4 widths
ACCUMUYLATED,

a-%3 u3 b sag UL.GAR 1 a-%4 3 u$ 4 sag UL.GAR
its 17th to the width appended, 30°.
[17)-ti-8u a-na sag dah 30

Yov, 30" to 17 go: 8°30" you see
[za-]e 30 a-na 17 a-li-ik-ma 8,30 [t)a-mar

Jo 17 widths, 4 widths append: 21
yoU see,

[a-na 17 sa89) 4 sag dah-ma 21 ta-mar

21 os much as of widths, pose, 3 of three
of lengths,

(21 ki-)Jma sag gar 3 Ba-la-ad-ti us

3 a5 much as of lengths, pose. 830"
whot is its nome?

[3 kij-ma uf gar 8,30 mi-nu Fum-Zu

3 lengths and 21 widths ACCUMULATED
(3] vud & 201 sa)g UL.[GAR)

8°30° you see’t

8,30 ta-mar

31lengths ond 29 widths ACCUMULATED
(3] u3 & 21 sag UL.[GAR)



x+1=2 X

y#l =¥

Xo¥ = (xysx+y) + 1

X¥=1"30":1°20"

(identifications)

1+ (xy+xay) =2

3%+ 21¥ =
3+21+{3x+ 21y} =

3421487307 = 327307

Xey=3-21-XV =
1°3°.X¥ =1°37+2
= 26"

(2207 C (16°15°) =

4°24°3°45"

“

28,

29.

30.

3.

32.

33.

34,

35.

36.

37.

38,

3%.

40.
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1 to the length oppend ond 1 to the
width append, MAKE SURROUND:
(1 a-na) ud dah R 1 al-na sag dah RIGIN-ma

1 to the ACCUMULATION of surfoce, length
ond width append, 2 you see,
1 a-na UL.GAR a-%a ud @t sag dah 2 ta—<mar>

[2 the surfoce. Since length ond width,

those of 2 the surfoce,
[2a-)34 ad-3um v 2 sag %32 a-%a

(1°30° the length togel‘ther with 1°20° the
width ismode spon

(1,30 ud iY-ti 1,20 sag Zu-ta-ku-lu

1 the oEEendedH of the length and 1 the
appended of the width

[1 wu-gi-)bi w¥ b 1 wu-gi~bi sag

[MAKE SURROUND, {1 you see). 1 and (..7)f the
variovs (things)' ACCUMULATE, 2 you see.
[NIGIN (1 ta-max?)1 @ (.?)] HI.A UL.CGAR 2 ta-mar

(3, 21and 8°30° ACCUMULATE ', 32°30° you see.
[(3 (.2) 20 (.2} 0 8,30 {.2) UL.GAR] 32,30 ta-mar

50 you ask
fki-al-am ta-3a-al

{...1 of the width to 21 ACCUMULAT(E/ION):"
[...).TI sag a-na 2} UL.GAR-ma

o to 3, the lengths, roise,
[...JHI$ A a-na 3 wd i-8i

[1°3° you see. 1°3° t]% 2, the surfaoce,
roise:

£1,3 ta-mar ¥,3 a}-na 2 a-3& i-Bi-ma

12°4* you see (2°4" the svrface At 327307
the ACCUMULATION breok, 16°15° you see.

[2,6 ta-mar (2,6 a-5&&?}) 32,30 UL.GAR he-pé 16,15

ta-<mac>

(615 zou]'see" 16°15° the counterport
pose; MAKE SURROUND,
{16,115 ta—mar} 16,15 gaba gar NIGIN
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41, 4°24°3°45" you see. 2°8" xxx*
4,024,13,45 ta-mar 2,6 (...)

Gt BE x5 42, from 4724°3°45 teor out, 2°18°3745°

you see.
: 2°18°3°45 " i-na 4,[2]4, 3,45 21 2,18,3,45 ta-mar
$R 43, What it mokes equilateraol? 11745° it
= = * i * - - . -
2 LR mokes equiloterol. 11°45" to 14°15
= 11745° d
append,
y=Br. 5% . mi-na ib-si 11,45 [b-gi 11,45 a-na 16,15 dah
1f 15'_11'45'= 20 44. 28 you see; from the Znd teor ovut, 4730~
Sizy%-yi—*: you see.
1615 -11%45"= 4" 30" 28 ta-mar i-na 2-kam zi 4,30 ta-mac
X=3"% 45. The igi of 3, the lengths, detach, 20°
=20"-4730° you see. 20° to 4°30°
=130 igi 3-ti wd pu-tir 20 ta-mar 20 a-na 4,{30)
46. {20° to 47307} raise: 1°30° you see.
(20 a-na 4,30} i-8{-ma 1,30 ta-mar
X=1°30" 47, 1°30° the length, that of 2 the suvrfaoce.

j=20=21.¥, ¥? (Whotf* to 21, the widths, (shall I posef

1,30 uf %A 2 a-¥#3 mi-na) a-na 21 sag {lu-ud-ku-un]}

48, which 28 give(s me? 1°20° pi'ose, 1°20° the

1°20°-21:=20 width

¥=1"20° Zh 28 i-na-diff-na 1,20 glac 1,20 sag

x=X-121"30"-9 49. thot of 2 the svrface. Turn bock. 1 from
= 30

1°30° teor ovt
842 a-83 tu-ir 1 i-na 1,30 zi)

y=Y-1=1"20"-1 50. 30° you see. 1 from 1°20° teor ovut,
= 20°

30 ta-mar 1 i-na 1,20 z{i)

51. 20" you see.
20 ta-[mac])

* All these restitutions are mine, Restitutions in
simple [ ] can be regarded as fairly well established,
those in {( )] are reasoned guesses at a formulation,
the Factual contenta of which can be relied at.

®Line 6 quotes the value of the width in a way which
would usually refer back to the statement, but which
might of course refer to line 3; in any case, line

3 presupposes knowledge of the width, and line 5 refers
to the length as a8 known quantity.

t To YAPPEND" translates KI.GUB.GUB, which literally
seems to mean “to place firmly on the ground/on a
base. The formulation of line 7 (as supported by
line 32) suggests that the term may be though of as
2 logogrem for wagabum-dah,
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b The transliterstion writes 1. Still, the sutography
writes a sign after 1 which looks like 20 (and &
damage to the tablet which has been read as an extra
wedge). That is also the correct result, which is in
Fact used in line 8.

5 The exact reconstructions of lines 14-16 are rather
tentative, although the mathematical substance is
faily well-established thanks to the parasllel of
lines 28-31. 1t should be observed that even the
extant signs until "1,20 8" in line 14, and the
"%)]13" and "sallg" of the following lines, are heavi-
ly damaged. The remaining traces may but need not
correspond to my readings {according to autography
and photo). The af-8um of line 15 is needed, if not
necessarily in that place, by the Su-ta-ku-lu of
line 16, if I am right when reading it as the sub-
junctive mode of a stative (cf. lines 30-31).

. The transliteration supposes that something is
missing in the beginning of the line. The sutography
indicates that theline is simply written with indention.

* nzy WA-ZU-bi im math- Susatext Nr. IX: Ich hatte

mich fiir die Rezension von MDP 34 Evon Soden 1964 —- JH)
ziemlich griindlich damit beschéftigt und als migliche
Lesung wu-gd-bi als St. constr. eines sonst nicht
bekannten wugubbim notiert, diese Lesung aber dann

als zu wenig gesichert nicht verdffentlicht.” {Von
Soden, private communication},

# wthe various (things)"translates YI.A. This
presupposes the assumption that the Sumerian suffix
hi.a (designating a plurality of different entities)
is used as a Pseudo-sumerogram in a nominal function
(as a collective name for the collection of surface,
length and width). It is also possible that hi-a
stands as & pseudo-grammatical complement te a noun
which was lost with the First part of the line.

* s restitutes "(...}-ti sag" as “Sa-la-ad-ti

sag" and mistranslates the whole line as 713 <fois>

la longueur & 21 fois <la largeur> additionne™ in order
to get some apparent sense of the restitution. Apart
from the mistake of "length" for "width” this mixes

up "appending" and "accumulstion® -- only the first of
these carries a "to" (gna) between the eddends. A pos-
gible restitution which accepts the {somewhat dubious)
=ti in the beginning of the line; which makes mathe-
matical sense; which is as grammaticelly correct as
can be expected in a text loaded with sumerograms}

and which finally is in reasonsbie harmony with current
usage, would be ™17 (...?) and &, of the four {er-bet-ti),
widths, to 21, the ACCUMULATION" or “... to 27 ACLU-
MAATE", In lack of related passages 1 have, however,
preferred to leave the question open.

! the transliteration in TMS renders the gigna before
a-na as HI.A. The A is in agreement with the autography,
but the preceding sign looks very different from the

HI of line 33. 1 have not been able to propose any
better reading.

b the initial "10" is fully and the final -mar almost
fully to be read on the sutography, although they are
left out in the transliteration, So, @ repetition of
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Figure 18. The geometrical configurations and operations described
in THS, parts A and B.
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the previous phrase appears to be the only possible
restitution, Cf. also lines 45-46.

© The lacuna consists of 1 or 2 signs, probably an
epithet to the number 2'6°. According to the the auto-
graphy, the first(?) sign begins %= This could belong
to a TA, but such s restitution seems to make no sense..
1t could also belong to a TAG used logographically for
lgpdtum, “to inscribe", end its derivations. Thia might
make sense but would be without parallel ("2°6° the
inscribed").

The purely explanatory character of part A is revealed already
in line 2, as the surface {which was never given) is referred to
as known {"since ..."),- cf. also the restitution of the last
part of line 1. Clearly, we are dealing with one equation
in two (known)} unknowns, u3 =30° sag=20" and we are taught the
way to transform it (in fact the same transformation as that of
AD BB62 NOS 1-2: xy+ux->xY, ¥=y+e). In this way one can make
sense of the “either ... or ... or" of lines 3-5 (d.uL ...0.UL ...
U.UL), which governs three alternative ways to explain the trensforma-
tion, but which has no place in an interpretation of the text as
progressive argumentation (since the 1°20° created in line 3
is used in line 4, and line 5 repeats the contents of line 4},
and which has therefore puzzied nll commentators to the text.

If one follows the text step by step, it turns out that all
of it can be read as an explenation of the Figure 18A, up to the
end that explaina that this is the point out from which problems
containing such equations are to be solved, and finally sums up
the main argument.

Psrt B deals with the same rectangle, but with a somewhat more
complicated equation, "xy+x+y = M, and demonstrates how it is to
be simplified "by the Akkadian {method}"%?, It can be followed
on Figure 186. The method consists in completing the quasi-
gnomon xy+7.x+7.y into a rectangle Xy, X=x ?, Y=y+7. X and ¥
are spoken of as "length" and "width" of "2 the surface" (:=xr¥),

in agreement with the figure.

Denomination of methods is not current in Mesopotamian mathe-
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matics, and one may waonder what makes the method of part B spe-
cifically "Akkadian". Which part of the procedureis it, furthermore,
which deserves the label? My guess is that the term characterizes
the quadraetic completion in general, the besic trick needed
to solve mixed second-degree equations., If anything, indeed,
distinguishes the 0ld Babylonien "Akkadian" mathematical tradi-
tion from e.g. third millenium Sumerian methemstics, it will be its
interest in second-degree algebra. Which more sdequate name than
the "Akkadian method" could then have been chosen For a trick
which, simple as it may look once it is Found, was perhaps the
starting point for the whole fabulous development of "Akkadian"
mathematies; a trick which, when it was first found, will certainly
have been noticed as a noveltyﬁaab

It will be seen from line 14 that the values of both length
and width are assumed to be known (though not given in the state-

ment), and that they are used in the didacticael exposition.

normal
FPart C contains a complete mathematical problem, e/set of two

equations in two unknown quantities "length" and "width", Gne of
them is precisely the second-degree equation whose tranaformation
was taught in part B, while the other {which can be transcribed
y+7%r3x+4g) = 30°) is of the type whose transformstion was explained
in detail in TMS XVI (above, section VI1.3). The values of length
and width are still referred to during the solution (line 31}, but
only for identification, no longer as part of the argument. The
identification must refer to something outside the written texé‘“ﬁ,
which can hardly be but a materiasl representation more or less
similar to Figure 188,

Lines 21 to 26, the transformation of the firat-degree equation

into 3x+21y =8°30°, must be presumed to follow the pattern from

THS XVI, and hence to be uynderstocod as an srithmetical transfor-
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mation. Lines 28 to 33 appesr to go by "naive geometry”. for the
next steps, lines 34 to 39, we are unfortunately not is possession
of a didactical explanation -- but some argumentation from Figure
188 but similar to the accounting and scaling arithmetic of THMS
XVI would at least be adequate, and is perhaps called for in

line 27, which appears to connect to the following rather than

the preceding sectioé1&a. In any case, lines 39-44 solve the stan-
dard problem of a rectangle for which the area and the sum of
length end width are known, the "false length” of which is X = 3(x+1t),
and the “"false width" of which is ¥ =2f(y+1). The method is un-
fortunately not commented upon -~ like the tranaformation of the
linear equation the didactical explanation appears to have been
given at at earlier stage, and the understanding now in-
herent in the vocabulary. Afterwerds, the extended "true” length
and width (those of "2 the surface") and finally the "true"” length
and width without extension sre calculested (lines 45-51).

The whole tablet reflects a mathematics lesson. While part C
represents a refined version of a standard problem known From
elsewhere (VAT 8520, N°% 1-2 -- cf. note 146}, parts A and B
are didactical steps toward a particular aspect of the procedure
needed to solve the complex standard problem; the other, more
general aspects of the procedure are supposed to be known from
earlier lessons -- and one of them was in fact explained in THS
X¥l, as we have seen,

it has often been assumed that the Babylonian mathematical
texts should only be seen as supplementary support for an oral
tradition, and that the texts could only be understood by s person
who knew beforehand what the whole thing was aboué1an. The

latter fi lati
present investigation shows that Eheeisumﬂaas%solutely true as
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hitherto assumed, if only one knows the concrete meaning of the
terminology. But still, the normal texts give the impression

that they are a support for & teaching tradition maeking use of
material representations outside the texts themselves, and refer-
ring to methods which had to be known heforehand. The material re-
presentations have still not been unearthed, and may be irretriev-
ably lost (cf. above, chapter VI). The two Susa tablets, however,
show us how the standard methods were taught, and the one just
presented appesrs to refer more clearly perhaps than any other

text to the naive-geometric representation.
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IX. Summing up the evidence

The investigatien has now arrived at s point where a summary
of the results canreasonably be made. How far have we come in
our understanding of the procedures, techniques and patterna of
thought behind the 0ld Babylonian "algebraic" texts?

Chapters lsgh:illby necessity been overloaded with details.

If all conclusions were to be referred precisely to the single
relevant pieces of evidence, the present chapter would make still
heavier reading. As the conclusions to be drawn from the material
have, however, been presented in scattered form all the way through,
I hope that detailed references to the primary material can now

be dispensed with.

On the negative side it will be remembered that the traditional
arithmetico-algebraic interpretation left so many unexplainable
points in the textusl discourse that it can be safely dismissed
—- ¢f. most of the texts presented in chapter V. The possibility
to make it work by minor corrections and ad hoc assumptions cen
aslso be disregarded, because no fundamentally arithmetical inter-
pretation can map the structural distinctions inside the vocabu-
lary. Babylonian "algebra™ was not a science about pure numbers
and the ways in which they can be put into mutual relation,- be
it understood in analogy with Medieval rhetoricel algebra‘es
with Thuresu-Dengin, Neugebauerandvandernaerden,orthroughthat
firet-level criticism of the received interpretation which has
been expressed by Michael Mahoney““ax149. '

Positively, the use of some sort of naive-geometric technique
can be regarded ss well-established. It fits all details of the
textusl discourse; it distinguishes operations which have to be
distinguished sccording to the structure of the terminology; it

agrees with the apparent metaphorical implications of many terms --
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including the puzzling wdgitum, the "projection™. The exact nature
of the geometric representation is, however, open to doubt. We
do not know to which extent the texts refer to a purely mental
representation (though, truly, common pedagogical experience tells that
mental geometry presupposes anterior intercourse withmanifest geometry)
-- and we do not know the means {clay, dust, or even stickse?) which were
used to represent geometrical structures, relationships, and transform-
ations manifestly, nor whether such representations should be thought of
in analogy with modern gecmetrical drawings or as mere structural dia-
grams, These questions were discussed in further detail in chapter VI.
Apart from a two-dimensional extension of the "single false
position", the neive-geometrical techniques were only used for
problems involving a "surface", i.e. for problems of the second

é15m. He can list these techniques as follows:

degre
Firstly, thereis thepartition and rejoining of Figures {"cut-and-
paste"), which inordinary "length-width" and "squared line® problems
is represented by the bisection and rearrangement of excessive or
defective rectangles. In other, genuinely geometrical problems it
y(151)

is used more creativel , and as we shall mention in section

X.4 there is evidence for continuity to later interests in
the partition of figures.

Secondly, we have the completion technique, the supplementation
of & gnomon or a quasi-gnomon into a square or a rectengle., This
may be the technique which was espoken of as "the Akkadian (method}"
in TMS 1IX.

Thirdly, we have the "scaling” technique, used e.g. when a
non-normalized problem (“ex®+Bx =y")} is trensformed into & normsel-
ized problem("ingz = ux"), end to be understood perhaps as e change
of measuring scele in one directioé1sm, perhaps as a proportional
change of linear extensions in that direction,

The "accounting" technique may be claimed to have nothing

specifically geometric about itself -- and it was indeed set



forth most clearly in the Susa text explasining the arithmetical
transformations of a linear equation. Nonetheless, ths counting
of a specific entity {or the measurement of one entity in terms
of another entity)} is a necessary supplement to the specifically
geometric techniques, without which no "analysis" by means of
geomstry (be it nasive or spodictic) can reproduce the results of
erithmetico-rhetorical algebra. (The "accounting® and “scaling®
techniques are of course closely related).
to be counted as

Hardiy/regular *“techniques" but still parts of 01ld Babylonian
haive-geometric methodology are the reasoning by various "False"
assumptions and the ability to take any sdequate entity of a
geometric configuration as that "basic" entity which is to be
submitted to the habitual standard operations.

The global picture arising from the use of these techniques and

quasi-techniques is the predominance of constructive procedures;

only a single pre-established, fixed geometrical standard configu-
ration -- that presented in Figure 2, and visible as a basic grid

in Figure 17A -- has suggested itself during the investigation.

The investigation was only peripherslly concerned with first-
degree techniques. Even on the basis of the restricted material
presented here it can be seen, however, that most reasoning about
first-degree problems is verbal and basically arithmetical in
character, Like second-degree problems, however, prcblems of
the first degree are dealt with by means of "accounting” and vari-
aus "false"” assumptions. Like the second-degree "algebra" the
reasoning on questions of the first degree is alsoc concrete, bound
tJ?:gggﬂ& representations of manifest entities, Hence of course
the predilection for "false assumptions®, which consist precisely
in taking one entity (real or imagined) as a representative for

another, normally unknown quantity.

It was recognized already in the early 193Des that Babylonian

"algebra" problems were constructed fram known solutions, In the
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case of the "series texts", where large numbers of problems deal
with the same figure it is also obvious that the user of the

texts would know the solution beforehand. The didacticel Susa
texts have now shown us (es it was also apparent from the tabula-
tion in AQ BB62 NO° 1) that even the student would (at least in
certain cases have been told the solution beforehand, which would
permit an identification of the entities involved in the procedure
and also an explanation of the way it works.

The backward constructicn has traditionally been taken as evi-
dence that the aim of the mathematical texts was the teaching of
procedures and techniquesﬂs}{ The insights gained from the improved
understanding of the vocabulary.&egarding the use of naive-geome-
tric justifications) and From the didactical Susa texts show us
that the aim was not only technical know-how but alse understanding,
"know-why". This helps us gresp how Babylonisn mathematics
was at all possible at its actual level. IF iti?::cial justifice-

tion had been a teaching enterprise dominated by empty rote learn-

ing, from where should it then have got the necessary intellectual

inspiration and surplus?

A summary of the results concerning the details of terminology
would mainly become a repetition of chapter IV, which was in fact
an anticipation of the results established in later chapters. I
shall therefore only refer to Table 1 as the briefest possible
summary of terminological details. On the general level, however,
the somewhat-floating character of the terminology should be
remembered. Only ss a first approximation can it be called "tech-
nical”. It appears not to have been stripped totally of the conno-
taions of everyday language, nor does it possess that stiffness which

distinguishes a real technical terminology. We should rather
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comprehend the discourse of the mathematical texts as & highly
standardized description in everyday language of standardized
problem situations and procedures,- and we should notice that
the discourse is never more (but sometimes less) standardized
than the situation describeé15a{ As everyday life contained no
second-degree problems (be it the life of a professional
scribal surveyor or accountant), terms taken from everyday language
would of course have to be applied differently when describing
procedures of second-degree "algebra™ than in other texts. In as
far as the use in such other texts is taken to represent the
"bagic meaning”, the terms of the "algebra" texts will appear in

the quality of standardized metaphors,- whence that impression

of a technical terminology which is conveyed by standard problems.

The Sumerographic writings inside the otherwise Akkadian mathe-
matical texts presents us with o special interpretstive problem,
Are they not to be interpreted as technical terminology?

In order to snewer this question we have to distinguish differ-

sorts of

entYSumerographic writing. On one hand we have a restricted number
of terms which are invariably written in Sumerian: uvd, sag,
a-83%, igi, ib-8i,. Even inside this group there is a certain
variability, i b-si, and igi givingriseto Akkadian loanwords
and hence spoken with certainty as Sumerisn words, and a-83d
being often provided with phonetic complements and hence probably
spoken in Akkadian (since the complements might be ideographic
grammaticel complements we cannot be completely sure)., None the
less, these terma can be regarded as technical and free of everyday
connotations -- as it is made especially clear when u# and sag

used putside the basic representation are suddenly replaced by

corresponding Akkadian words (cf. note 75).

Then we have the large number of pseudo-Sumerian writings,
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as far
where Sumercegrams are used logographically. In/as the logographic

meanings of these Sumerograms are not aspecifijcally reserved for
(and no less)

mathematical texts they are no moreftechnical than the Akkadian
words which they replace (or, alternatively, they are technical
with respect to the scribal craft but not with regard to
mathematics).

Finally we have & domain of indeterminate extension, that of
Sumercgrams used s possible alternatives For Akkadian writing but
used ideoqraphicelly. We have met one indubitable instance, viz.

Akkadian
zi quoted in 7 as an infinitive in TMS XVI, which proves that

the category is not empty; but this was an exceptional case, and
other instances may be impossible to disclose. Especially the

very compact and very ungrammatical Sumerographic writing of the
series texts (ungrammatical both from an Akkadian and from a Sumer-

ian point of view) may be suspected to belong here.

The final part of the chapter will deal with two questions of
more general character: The relations of our 0ld Bsbylonian
discipline to the categories of later mathematical thought, and
its relation to the intellectual style of its own sge.

Throughout this chapter I have spoken of 0ld Babylonian "alge-
bra”, not algebra. But wags Babylonian "algebra™ an algebra? Put
in this form the question will of course have to be answered by

in itself
a definition, which is not /a very fruitful wey. We shall learn
more by asking, in which respects Babylonien "algebra" was simi-
lar to Medieval or post-Renaissance aigebra?

We should stert from the outside, observing the uses to which
the Babylonian discipline was put -- and not put., In later times,
algebraic techniques have been used to find the solution to pro=-

caomputation
bleme which could not be solved by direct/. We have no Babylonian
texts which suggest such uses of the naive-geometric "algebra™;

on the contrary, the specious problems which had to be constructed

in order to give occasion for the display of "algebraic" second-
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degree techniques suggest that no real uses were known {(the abundance
of realistic manpower- and brick-problems demonstrate that the
eventual

Babylonian scheol-masters did nothing to hide an 7 real-1ife impor-
tance of their teaching). "Algebra" never served to find a nume-
rical value unknown in advance. In that respect its Function was
very different from that of algebra.

Recognition of this difference should not force us into the
opposite extreme, and should not make us believe that naive-geome-

certain numericel properties
tric "algebra” was nothing but an investigation ofYsquares and
rectangles, s peculiar sort of geometry. In chapter I I introduced
the concept of a "basic conceptualization"”. The ué& and sag are
indeed basic in the sense that they are used to represent other
quantities, the erithmetical relations between which can be mapped
by the relations between the lengths and widths of rectangles. In
YBC 6967 we have seen how a pair of numbers with known product
and difference was represented by the dimensions of a rectangle,
made visible in the text by the explicit reference to a "surface".
Other texts would show a wide veriety of quantities being repre-
sented as linear quentities, more or less explicitly mentioned.
Especially interesting are certain cases where the text appears
to distinguish between the linear extensions of a real figure,
perhaps

supposed/to be situated in the terrain, and the corresponding
extensions of a representing figure {drawn perhaps in the dusty
schoolyard), even though the two coincide nunericall}155{ Maive-
geometric anslysis of quadrangles is hence used as a means to
solve problems from other domains -- be they srtificial and the
solutions known beforehend to exist as regular numbers. Though

“"algebra" was in all probability not used instrumentally in non-

artificial situstions, it was obviously taught ss a virtual

instrumené1sa.
snd scope
In virtual use/, "algebra™ was hence related to resl elgebra.

Can a similar claim be made for its “essence", its internal

structure and characteristics? In a criticism of the unreflected
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use of the modern term to characterize a Babylonian discipline
Hahoney has listed three characteristic festures of developed

aﬂSD= Firstly, the employment of "a symbolism for the purpose

algebr
of abstracting the structure of @ mathematical problem from its
non-essential content"; secondly, the search for "the relationships
(usually combinatory operations) that characterize or define that
abstractness
structure or link it to other structures"; thirdly,’and absence of

all "ontological commitments”.

Taken at the letter, and allowing only for divergence "by de-

(and only meent to be valid)
gree rather than kind", these festurtes are only valid’for post-
Vietan glgebra understood as a scientific discipline. Already
Medieval or more recent prectitioners' algebraic calculation
will only deserve the label "algebraic approach”. In the same
Dld Babylonian

strict languege,"algebra®™ iz algebraic "in approsch”: It cannot
be claimed to possess 8 tesl symbolism; still, even if the u#
and sag are nomoresymbols than the Diophantine &piL8pdg ar the
Medieval thing, thelir use es ingredients of a "basic representa-
tion" serves precisely iF only implicitly "the purpose of abstract-
ing the structure of a mathematical problem from its non-essen-
tial content”., Secondly, s number of systematic texts (especislly
among the series texts, but even BM 13901 can be mentioned) are
in Fact systematic investigations of the reletionships character-
izing the u#-8eg-structure. Only the third criterion is not

fulfilled even tendentially -- unless we will claim that the use

of a common basic representation is already virtual abstractness.

The "essence" of algebra can also be approached in another way,
which links the beginnings of scientific algebra more clesrly to
the Medieval Art of Algebra (and to the practitioners’' algebra of

the Modern era). In his Introduction to the Analytic Art, in
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which Vieta aimed at bringing to light the hidden gold of slqebra

and almuchabala, he found the true essence of that art in the

Ancient method of analysis, "die Annahme des Gesuchten als
bekannt <und der Weg von dort> durch Folgerungen 2u etwas
als wahr Bekanntem"(15$. This is exactly what we
teach school children to do when solving an equation: "You treat x
precisely as if it were an ordimary number"”. Apart from the known
values used for identification purposes during explanations (but
not as steps in the mathematical srgument, cf. TMS IX, part C) it
is aslso a precise description of the 0ld Babylonisn procedures. In
this respect, too, 0ld Babylonian "elgebra” is therefore algebraic,
or at least characterizable as "naive-geometric analysithsm.

Has "algebra" then an algebra? IFf we apply Mahoney's criteria,
it wes not. Babylonian mathematics differed more than in degree
from the discipline founded by Vieta and continuing through
Descartes and Noether. But it was "algebreic in sppreach®™, belonging
in full right to any family which is able to encompass both
al-Khwidrizmi, Cardeno and Noether. Anybody using confidently the
expression "Medieval algebra®™ can with equal confidence speak of

"Babylonian algebra™.

Instead of relsting our subject to categories of later times
we may compare it to the general cognitive style of its own time,-
thereby regarding it as one aspect of the thought of its
timee, on an equal footing with others.

In their introduction to a famous "essay on speculative thought
in the Ancient Neer East416°h H. and H.A. Frankfort characterize
it as "mythopoeic®. There are seversl facets to the concept, but
its main implication is that the phenomenal world is no object,

no "it": it is a "thou", en animated individual. 'In as far as this
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is an adequate description it excludes a scientific cosmology in

the modern sense, @ cosmology extrapolated under theoretical guidance
from rational experimentation and hence in the final instance from
technological practice (I agree with any critical mind who finds
this description short-circuited). In this sense, it is true, we

find no scientific cosmology in Ancient Mesopotamiaj in the same
sense it is indeed difficult to connect a scientific cosmology to
any poetical or religious world-view, end so far it is thsrefore

not cobvious that the domination of cosmology by myth should imply
that Ancient Mesopotamian thought in general be mythopoeié‘sﬂ.

Now, not everything in Babylonian thought was speculative; much
of it was founded on social practicé168 or on technological prac-
tice. 1n both of these, and especially in the latter, the object-
aspect of the external world (which under this view is not just
"phenomenal™) must be expected to impose itself, It is therefore
not astonishing that it seems "difficult to accept [mythopoeiecy]
83 an adequate characterization” of "the intellectual adventure
of ancient man" as "documented in the corpus of administretive,
commercial, technical and other genresJ16n.

Our algebraic texts constitute another exception to the presumed
mythopoeic rule, Truly, AD 8862 carries an invocstion of the
seribal goddess Nisaba on its edge; but this and other similar
inscriptions is totally isolated from the rest of the text, which

a "thou"
treats its subject not as/having the "unprecedented, unperalleled,
and unpredicatable character of an individual, a presence known
only in so far as it reveals itself416m, but as a fully predict-
able and comprehensible object. Mo wonder, since Bebylonian
algebra was definitely not "speculative™, i.e. “"regarding", but

active, technical construction. According to H, end H.A. Frankfort's

dichotomy it is "modern", dealing with lengths, widths and sur-
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faces and with its problem-situations as "objects and events [...]
ruled by uyniversal laws which make their behavior under given
circumstancea predictsble”, and which “can always be scientifically
related to other objects and appear as part of a group or a
series"(165).

This does not mean that Babylonian mathematics (end technical
thought in generel) was modern, only that its difference from
modernity cannot be grasped by the Frankfort dichotomy. Nor should
the seculsr rationality of Hammurapi's "Code" make us mistake this
colliection of concrete decisions for an abstract, general law-book
166)

in the style of Roman laJ . A recent investigation of the cogni-

tive charecter of Babylonian divination sr.'.'l.ez'u'.'e(1

67 tries to get

beyond such mistakes through reference to Lévi-Strauss’'s distinction

between "hot" and "cold" societies, between the “savage" and the

"domesticated" mind, between “the science of the concrete” and that of
illustrated by the distinction

“abstract thought",-/between the "bricoleur™ (8 cross-breed between

the "tinkerer" and the "Jack of all trades") and the engineeé16m.

In the Levi-Strauss illustration, engineering technology is
thought of ss developing specialized tools for the job to be done;
the bricoleur, on the contrary, takes what happens to be at hand
and fits it together as best can be done. "Domesticated” science and
thought is seen analogously as building on abstract concepts;
the "eavage mind", on the other hand, classifies the categories
and oppoaitions of e.g. their social world using pre-existent
entities as classifiers and analogies“"l While concepts sre
“wholly transparent with respect to reality", meaning nothing but
their conceptual content, a pre-existent concrete entity usedesa
symbolizer is a sign, preserving to some extent the cultural
meaning it possesses in itself and imparting it to those

other entities for which it is used as a classifieé17m (being a

member of the "arrow clan” mey imply swiftness!).
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in his investigation of the BabylonianYomen literature, Trolle
Larsen comes to the conclusion that many features {the search
for classificatory order and the postulate of direct causation,
partly built on recorded experience and partly on anelegic thought)
can be described as "savage". Other features of the omen literature
are (from its 0ld Babylonian beginnings) better described as "semi-
domesticated”: The intent to engineer the future, the attempt
to make exhaustive listings of all pessible omina {which presupposes
writing, @ main domesticator) and the way in which lacunae in the
empirical record are filled out by means of abstract, logical rules
-~ which are in fact formulated in a Neo Assyrisn compendium. All
in all, however, the global logic of the field was such that the
apparent steps toward "domesticated science” could lead nowhere.

How are we then to regard 01d Babylonian mathematics? Is it
slso "luke-warm", blocked midway between a neolithic "cold"
society and our modern "hot™ werld?

Several features, at least, look "savage". It was clsimed time
and again in the preceding chapters that a pattern of thought was
“concrete"”, which sounds very much like the classification by
means of pre-existent, concrete entities used as signs. But let
us look at the concrete argument in VAT 838% NO© 1. In this case
"concreteness” means that the mathematical structure is thought

in terms of the real entities inveolved -- there is no distinct,

concrete signifier, no sign imparting to the measdows its own
meaning. "Concreteness” means simply “absence of any explicit
abstract signifier or abstract calculating scheme" (no x or
GpLBpég, no stendardized "double false position").

In secorid-degree problems like those of BM 13901 or AD 8862
(the "basic representation” itself}, we see the same sort of con-

creteness. "Naive geometry" consists precisely in taking geo-
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metrical entities at their phenomenal tece value, without sub-
properties and

mitting them to theoretical reflection through which their/mutual

relationsips might be formulated as abstract principleé170.

In cases where something else is dealt with by means of a
mapping on the basic representation, be it the number pairs of
a table of reciprocals, prices, or real linear extensions, we
seem to come closer tp the use of concrete entities as signs.
Even here, however, we should tske care. There is no hint that a
price represented through a length has anything in common with
that line -- except, precisely, the relevant charscteristic, the
measuring number. No text whatever suggests anything aimilar to
the swiftness of the arrow clan. On the contrary, the represen-
tation is normally only visible through the designations of the
operations performed ("breaking", "making span”, etc.). Only
ocasionally do we fFind a "surface” or a "true length", etc,

In its function, the basic representation can be regarded as
an gbatract instrument.

Places where the description of "savage thought” is
reslly relevant for .0ld Babylonisn algebrs areits terminology, and
hence its operations. Like Levi-Strausss "concepts™, technicel
terms are "wholly transparent”, meaning nothing but their direct
technical implication. They have no connotations. Like his "signs"”,
descriptive metaphors (even when used in o standardized way as

everyday
long as the situation itself is stendard) cerry a load offconno-
tations, causing e.g. its users to "tear out” rather than "break of f"
a square from another square. The terminology being only partly
technicalized, we might charscterize it as "semi-savage”.

A second "semi-savage" aspect of 0ld Babylonian sigebraic mathe-
matics is constituted by the series texts. As I have not dealt
with them above, I shall only state briefly that the listings

of large numbers of variations on the same type of equation is
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a parallel to theway all possible liver shapes are listed in the
omen lists, and to the lexical lists. But it is no perfect

parallel; while the lists are first of sll additive and aggre-

gative listings, introducing hierarchical ordering only in se
far as this reflects "the surrounding highly stratified soci-
ety4173, the series texts are constructed in mein sections,
first order subdivisions, and cartesian products of second-
order subdivisionsﬁ73{

In the case of the omen text, the Neo Assyrian compendium formu-
lating explicié, abstract rules was an unprecedented innovation
{at least as far as the written record has been excavated). In
mathematics, the corresponding step can be demonstrated to have
been taken already by the late old Babylonian period, yiz. on
the Susa text TMS XVI, which furthermore looks very much as a
written documentation of a sort of didacticel explanations which

Didactical explanation
would normally be given orally. 7 does not in itself consti-
tute theoretjical reflectian on abstract principles, and it is thus no
step leading avtomatically to abstract, deductive mathematics.
from which

But it is a starting point/a critically inquisitive intellectual
environment might have been able to proceed indefinitely long.
Sticking to the cold-hot metaphor we may say that 0)d Babylonian
algebra was after all net only "lukewarm"” but also inflammable.
Further devel;gﬁgxigsrgﬁzggéblocked by an immanent intellectual
structure reflecting the over-all social and intellectual climate,
as was the case of divination science; the blocking Factors

resided directly in global sccial and intellectual conditions:

The scribal school was only moderately inquisitive and definitely

not eritical; the prime resson for interest in mathematical
professional pride and

knowledge beyond the requirements of direct utility wasYsocial

prestige rather than curiesity and openness to the infinite possi-
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bilities of an unknown world. Furthermore: By the end of the
0ld Babylonian era, the scribal environment changed sociaslly and
intellectually, cutting off even the supplies for that sort of

mathematical research which had been undertaken until theé17m.
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X. The legocy

S0, after the end of the OId Babylonian era, second-degree
algebra vanishes from the documentary horizon for many centuries
-- as do in fact all traces of mathematics teaching. That does not
mean, however, that O0ld Babylonian mathematice was acomplete mathema-
tical dead-end without conseguences for later mathematical cul-
tures. On the contrary: though rarefied for a millenium below the
level of archeeological visibility, the 0ld Bsbylonisan tradition
was to excert its influence on several of the sources of Hodern
mathematics.

Before looking directly st the evidence For such influence we
shall, however, investigate yet another 0Old Babylonian text, one
in which the conceptual dynamics of 0Old Babylonian slgebra can be
glimpsed.

. groblem NO 2
The text in question is/Ffroe IM 52301, perhaps the youngest of
the (northerm} Tell Warmal mathematicsl tablets. It dealswith

a real geometric trapeziué17ﬂ

, and reduces the problem to one of
"surface and squared lines equal to number". Besides being a besuti-
ful specimen of “"representstion”, the text is interesting
because of its deviations from normal usage, which suggest a

tendency toward changing or looser conceptualizations. It runs as

follows {the marginel drawing is mot imn the tablet):



=10

x {=20)

v (=5)

2° 30

%, + (u-v)+10 = x(=20)

u-v=5

%l-nrm‘

Putting usv =73
x=¥%-:2+10
(2/2)-(¥-2+10}) = 2°30°

or, with an adequate
choice for a:

(2/2)-(1+2a) =
(V,)"-T 30° = 3°45°

Z-(2+2a) = 7" 30"

az (%) -%)-10
=45"+10=7"3D0"
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Obverse

14,

17.

18.

19.

21,

22.

23.

24,

If to two-third of the occumulation of the

upper width
fum-ma a-na Ei-ni-ip ku-mu-ri sag e-li-tim

and the lower, 10, to my hand, I have o ppend-
ed: 20 the length 1 have built. The width
& Ba-ap-li-tim 10 a-na ga-ti-ia daf-ma 20 v§ ab-ni
sag

{...7™ the upper, over the lower 5 goes beyond.
{e=1i) e-li-tum e-1i Sa-ap-li-tim 5 i-te-er

The svrfoce is 2°30°. What my lengths?
You, by your sayingt5 which it goes beyond
a-53 230 mi-nu-um ud-ia za-e TUK-zG-d2 S Ba e-te-ru

10 which you hove oppended; 40° of the two-third,
my factors of both(?');- inscribe:

10 3a tu-ig-bu 40 $i-ni-pé-tim a-ra-ma-ni-a-ti-a
lu-pu-ut-ma

The igi of 40° of the two-third detoch: 1°30-
you see. 17307 (...

i-gi 40 Si-ni-pé-tim pu-tli-ur-ma 1,30 ta-mar 1,30
(he-pé(?) ~ma

...)“33 2*30°, the surfoce, roise: 3°45°

you see.
4'S t'a-mar 45) a-na 2,30 a-35& i-3i-ma 3,45 ta-mar

3°45° dovble: 730" you see. 7°30° your head
3,45 e-gi-ma 7,30 ta-mar 7,30 ri-iZ-ka

may retain, Turn back. The 1gi of 40" of
the two-third detach
1i-ki-i} tu-ur-ma i-g i 40 3i-ni-pé~tim pu-ti-ur

Reverse

1.

2-4. raise: 7°30° you see (...}

1730° you see. 1°30° breck: 457 you see; to
10 which you hove gppended

1,20 ta-mar 1,30 he-pé-ma 45 ta-mac a-na 10 &a tu-ig-bu

{-8i-ma 7,30 ta-macr (7,30 ri-i%-ka li-ki-il
ty-ur-ma § -9 i 40 pu-td-ur-ma 1,30 ta-mar 1,40 he-pé-ma
45 ta-mac a-na 10 3a tu-ig-bu i-Si-ma 7,30 ta-mar)




Z442-7%30°.2= 7 30°

(Z+7°30°)% =
7°30°+56"15" =
8-26"15"

1+7°30°=/8°26"15"
= 22°30°

2=122"30"-7"30" =15

Y . i/2:=1"30"

u-v _ T
'—2—'--5/2-2 30

UiV _u-v

5 7 ®

7°30°+2°30° =10

7°30°-2"30" =5
Proof:

u+v=10+5=15%

Y. (u+v) =10

x=10+ 10=20

L
~2—-7 30

5.

10.

1.

12.

13.

14.

15.

17,
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7°30° the counter{.. }*port loy down: Make span:

7,30 me-eh-(Za}--ra~am j-di-ma Bu-ta-ku-il-ma

56°15° you see. 56715° to 7°30" which your heac
56,15 ta-mar 56,15 a-na 7,30 3a ri-id-ka

retoins append: 826" 15° you see. The
+
equiloteral

ti-ka-lu gi-ib-ma 8,26,15 ta-mar ba-se-¢e

. of 8°26°15° moke come up: 22°30°

its equiluterolﬂ; from 22°30°
8,26,15 Su-li-ma 22,30 ba-su-3u i-pa 22,30

the eu.-;uj.lc:nterv:ll*'r 7°30°, your tokiltum,
cut off,

ba-se-e 7,30 ta-ki-il-ta~ka hu-ru-usg,

15 the left-over. 15 breok: 7°30° you see,
7°30° the counterport lay down:

15 Ei-ta-tum 15 he-pé-ma 7,30 ta-mar 7,30 me-eh-ra-am
i-di-ma

5 which width over width goes beyond
breok :

532 589 e-1i sag i-te-ru he-pé-ma

2°30° you see. 2°30° to the first 7730° append
2,30 ta-mar 2,30 a-na 7,30 iS-ti-in gi-im-ma

10 you see; from the second 7°30° cut off.

10 ta-mar i-na 7,30 Za-ni-im hu-ru-us,

10 the vpper width; 5 the lower width.
0 sag e-li-tum 5 sag Ba-ap-li-tum

Turn bock: 10 ond 5 accumulote, 15 you see.

tu-uc-ma 10 & 5 ku-mu-ur 15 ta-mar

The two-third of 15 toke: 10 you see, ond 10
oppend:
Ei-ni-ip-pé-at 15 lg-qé-ma 10 ta-mar & 10 gi-ib-ma

20 your vpper length. 15 breok: 7°30°

you see.
20 vi-ka e-lu-um 15 pe-pé-ma 7,30 ta-mar




u+v o0
—i—-x-z 30
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$8. 7°30° to 20 raise: 2°30°, the surfoce,
you see.
7,30 a-na 20 i-§i-ma 2,30 a-53 ta-mar

19. So the hoving-been-made.
ki-a-am ne-pé-fum

* {.e. a number 10 which is "at my disposition” without
being defined in relation to the figure.

* Ihe text contains s number of repetitions, other
erronecus insertions ete, due to faulty copying. Those
of obv. 18 ond rev. 5 were already pointed out by
BaqinThose of obv, 21-22 and rev. 2-4 (the first of
which has been induced by the phrase “1,30 ta-mar 1,30
commort to obv., 21 end rev. 1, while the second is pro-
voked by the "7,30 ta-mar" common to obv. 23 and rev.
2) follow from analysis of the procedure.

The reading of zU as a homophonic mistake for zu
in obv. 19 was given in von Soden 1952a:49).That of TUK
as dug, was suggested by Bagir (1950a:146).

t wractors of both" is a tentative translation of
aramani8tum, a plural form known from nowhere else. The
term i3 an epithet to 40", which multiplies the sum of
the widths. The term thus gppears to suggest two (iden-
tical} factors multiplying the members of a sum. In
agreement with this, von Soden (1952a:50) suggeésts con-
jecturally the word to be a losnword From Sumerian
ars-man, "times"-"two", i.e. "factors of both".

* Ihe "egquilateral™ of rev. 7-9 is written in syllabic
writing. In rev. 7 and 9, the form is BA.SE.E, indicsting
that the form normally written ba-si, (which alter-
nates with {b-si, ) was pronounced in Sumerian. (In
3 similar fashion, the text writes a syllabic i-gi
instead of the normal igi). In rev. 8, the form is
a nominative with suffix, ba-su-8u, suggesting an
Akkadianized form basOm. The accusative form in rev, 7
could in principle be a construct state of the same
form,- but the genitive in rev. 9 cannot, since the
rest of the text is written with full mimation -- it
myst render a geruine Sumerian pronunciation of the
term,

Both forms confirm (es does the homophonic shift
from si, to si in certain texts) that the term was
not read ss 8 logogram for an Akkedien word (mithartum
being the normal sssumption), at least not when used
for the extraction of & square-root.

In AD 17264 (late 01d Babylonian or early Kassite)
the forms ba-si-e-5u and ba-si-3u are found (MKT I,
127). Even here, tie equilateral is "ssked for" (#8lum).
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Before drawing any conclusions from the way the text formulates
its subject-matter we should of course make sure that this subject-
matter is understood correctly. Is the interpretation in the
marginal commentary sdequate {apart from the anachronism inherent
in the use of modern algebraic symbolism)? Should we not instead
expect that the problem was seen as one in two unknowns {a "lenght-
width"-problem) the product and difference of which are known
{z and z+2e, in the asymbolism of the margin)? Or, if it is to be
understood in terms of one unknown {"surface and squared lines"),

U+v

is the average width ( > = 2/2) not the entity which would normally

be chosen by a Babylonian?

Both answers should probably be answered by "yes"; we should
perhaps expect the problem to be comprehended in two unknonwns,-
and if not,the average rather than the sggregated width would be
a normal Babylonian unknown. But in the first case we would also
expect that the difference between the two be really caleulated;
instead, the scaling Factor 1°30° is bisected before the multi-
plication is performed, without any other reason calling for that
sequence of operations. In the second case, the operation in
obv.23 would have been a "raising", the normal scsling multipli-
cation (cf. section V.5, BM 13901 N© 3}, end that of rev. 10 would
have been a reverse scaling. Instead, the first is a "doubling"
and the second a "bresking", concrete operations which indicate
that operations belonging with the standard procedure are
only found from obv. 24 te rev., %, and thus that the sum of the
widths, i.e, the 15 found in rev. 9, is the quantity looked for
in that procedure. All normal Babylonian habits notwithstanding,
the marginal commentary sppears to map the original procedure.

If we look at the formulation of the text, it is abviously

close to the style known from Dld Babylonian slgebrs in general,-
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so much so, in fact, that lack of feeling for the stylistic impli-
cations of the naive-geometric procedures {most notably the iden-
tification of the 7,30 of rev. 9 as a takfltum, i.e. as the same
as that of rev. 5) has prevented earlier investigators of the text
from identifying correctly the dittographies of obv. 21f and rev.
2-4.

Apart from the erroneocus repetitions (which are obviously due
to copying errors and which therefore presuppose the existence of
a more correct original) and the syllabic writings of Sumerian
terms there are, however, certain deviations from normal usage
which can hardly be explained unless we assume some slackening of
normal conceptual habits.

Firstly, the term “building" is employed in obv. 17 when the
length is explained to be equal to the sum of the widths and an
extra amount of fo. It is not excluded thet a constructive pro-
cedure is still intended -- but in that case a mentel construction
is more plausible than an actual drawing. In any case, the formu-
lation deviates From a normal usage which appears to be strongly
bound up with specific procedures.

Secondly, a "counterpart” turns up in rev. 10 in a most

(cF. Y8C 6967,- sectionV.)
unysual Ffunction. Normally, it is seen in length-width-problemsy
when two sides forming an angle of a completed square are "laid
down", for addition and subtraction of the takIltum, reapectivelyﬂ76{
In the present cese, addition and subtraction of a semi-difference
is otill meant,- but if a geometrical configuration is at all
thought of, it is different, the "original” and the "counterpart”
being opposing widths of a rectangle, which the addition and
subtraction are to transform into a trapezium.

These peculiarities do not prevent a naive-geometric interpre-

tation, Moreover, the "doubling™ in obv. 23 suggests the use of a
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procedure telated to a trick used in the two tablets VAT 7532 and
VAT 7535 (both in MKF)}. The suggested procedute is shown in Figure
19: The step of obv. 21-22 corresponds to & scaling in horizontal
direction (the first transformation, A=-B). The doubling in abv.
23 is a real repetition, transforming the trapezium into a real
rectangle (B=C), viz. a "surface [of a square) with 15 squared
lines™, The sequence of operations is, however, remarkable. If
the geometrical procedure had been performed physically, it would
very palpable
have been natural to make thefdoubling First, snd the scaling
afterwards. The actual sequence appears to indicate that a more
purely srithmetical understanding of the underlying structure,
where the sum of the widths is simed at as an unknown (in the
first transformation) before it is actually produced (in the
second transformation).

The deviant use of the term “building" was already mentioned
as an indication pointing in the same direction. The implications
of the peculiar use of "counterpart" in rev, 10 are more indefi-
nite , and the most that can be said is that an otherwise strict
conceptual structure appears to be loosening (especially if we
notice that the term is also used in a méﬁgﬁgf%hodox way in
rev. 5). The way the text regards the "equilateral" is, however,
yet another indication that an arithmetical conceptualization is
present: It is definitely no entity producing a square -- it is

something which "comes up", i.e. 3 numerical reaulé”n.

The awareness of a homomorphism between geometrical and arith-
meticel procedures need not have been greaterwith the author of
the present text thanwith the suthors of more orthodox, somewhat
older texts. The latter, however, formulate themselves strictly
within the geometrical conceptualization, This strictneas of

language has either been regarded as superfluous or has not been
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understood by the present auvthor. In both cases it is justified
to speak of a loosening of the conceptualizations and of an

opening toward explicit arithmetical understandings.

X.2. Seleucid arithmetization: BM 34568 NO 9 (MKT III, 15)

Further developments of this opening toward arithmetic are seen
in the algebra problems of the Seleucid era. A simple instance
is found in BM 34568 No 9, the very problem which was used in
Chapter I to demonstrate the ambiguities of current translations.

In transliteration and conformal translation, the text runs

like this:

Obverse II

x+y=14 1. Length and width occumuloted*i
x-y =48 14, ond 48 the svrfoce.

uE D sag gar-[mla 14 &1 48 a-% 3
(x+y)t= 3°16° 2. The NAME™ I know not. 14 steps of 14,
4-xey£3°12° 3-16°. 48 stepst of 4, 3-12°,

MU nu-zu' 14 a-cd 14 3,16 48 GAM 4 3,12
(%-y}* = (x+y)? - dxy 1. From™ 3-12° {te) 3°14° go up': 4 remains%,

23167312 = 4 Whot STEPS of whot'

3,12-ta 3,[(1)6 nim-ma ri-hi 4 mi-nu-G GAM mi-ni-i
x-y=/B=2 4. shall 1 GO™ so that' 4?7 2 STEPS of 2, 4.
{(x+y) = {x-y) = 14-2 From 2 {to) 4 go vuvp: 12 remoins,
=12=2y lu-ré-ma lu 4 2GAM 2 4 2-ta 14 nim-ma ri-hi 12
y=%12:6 S. 12 TIMES 307, 6 the width. To%" 2 odd® 4:
xz{x-y)+y=2+6=8 8, 8 the length.

12 GAM 30 6 6 sag 2-8e 6 ta-tip-pi-ma 8

B ug

™ wgccumulated" translates GAR, which.is certainly
an abbreviation for gar-gar, not as in Old Babylon-
ian texts a lagogram for Sakdnum, "to pose”.

" NAME translates MU, used logographically for Humum.
Thureau-Dangin's interpretation as s logogrem for
as8um, “since" (THB, 59) is possible, but it does not
fit the context. Neuvgebauer's interpretation "name" is,
on the other hand, confirmed by the Susa text TMS IX.



- page 141 -

' STEPS translates GAM, which in the contemporary
mathematical table text MM 86.11.410 is used as & sepa-
ration sign (see MCT, 15). In the present tablet, the
sign appears to be used as a complete equivalent For
a-rd,"times" (so also in the contemporary AQ 6484 -
MKT I, 96-99).

Mg rom" translates the Sumerian ablative-/instrumental
suffix -ta.

s "go up" translates the Sumerogram ni m, which in
certain 0ld Babylonian texts was used as a substitute
for {}-nagdm , "to raise”, i.e. "to calculate by mul-
tiplication", Here the term appears in the original
Sumerian meaning, used to describe a subtraction
conceptualized as a counting process.

® urempin  translates rifhum, "ibrig bleiben®.

. The first "how much" {minGm) is & nominative, while

the second is a genitive {mi-ni-i). So, the two factaors
in @ product by GAM (and, as revealed by obv. I, 16F of the
same tablet, by a-r 4) play different roles. It is this
congtruction which has suggested my standard trans-
lation for a-r4, cf, section 1V.3).

® ugo" translates r& » "to go" (TUM in MKT). This

supports the conclusions of notes &} and ().
*ugo that" trsnslates the optative and precative par-

ticle 10 {also used to denote the precative form of the
ideogram r 4 in the same line, "shall I GO").

¥ g o translates the Sumetian terminative suffix -5&,

o'gggf'translatea tepim, "hinbreiten, suftragen;
addieren”, which in late Babylonian had taken the place
of wagdbum, "to sppend” {cf. von Soden 1964:48a). In
contradistinction teo waghbum, however, teplm can be

used as a symmetric term, "EEEGm a together with »".
S0, the modernizing connotations of the translation "te

add" seem quite to the point.

First of all we observe that certain parts of the vocabulary are
continuous with that of our 0ld Babylonian texts: "“length", "width",
"surface"™, "name", "steps of". All except "steps of" belong on
the level of algebraic problems, not on that of mere computation.
We can therefore be sure that we are really confronted with a
descendant of the 0ld Pabylonian algebraic tradition, in spite of
the silence of all sources between ¢, 1600 8.C. and c. 300 B.C.

The next observation will be that of thorough change on all
levels, in spite of the continuity. It goes down to the choice

of Sumeroqrams: nim, which in 0ld Babylonian texts designates
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Figure 20. 7wo ail-purpose Figures which
may support all the second-degree problem
solutions of BM 34568. The upper figure
will be recognized as a familiar Justifi-
cation of the Pythagorean theorem. For

use of the lower figure one shall remember
that the central sguare eguals the sum of
the upper left and the lower right sguare
fd'=1t+w®), In problem 12, the equality of
the lower right square and the central gnomon
will have te be used explicitly.

The upper figure is seen to contain
Figure 17A, the one constructed for AO 8862
N9 3. It will be remembered (see above, note
138) that the same configuration appears to

be used in two other ©ld Babylonian
problems.
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a multiplication of the “raising" cless, presumably for the word
ulldm {cf. note 39), is used now for the stepwise counting of a
difference, presumably as a logogram for ellim. In part, at lesst,
the Sumerianization of mathematical language appears pot to have
been continuous over the silent milleniué"m.

The discontinuous Sumerianization carries implications for
the nature of the transmission, which appears to have taken plsce
in a practitioners' environment rather thana scholarly institution.

As far ss the conceptual structure of Seleucid slgebra concerns it is
less important., Here, the absence of all traces of constructive
thought and not least the purely arithmetical foermulations are
fundamental. Subtraction has become a pure counting process,
instead of a concrete process described metaphorically in physi-
cal terms {"tearing out"™, "cutting off", ete.). Only one multipli-
caté?35%23°?eft, described by the term of multiplication tables
{i.e. as a repeated counting), when not by the idsogram GAM, the
separation sign used apparently as a purely visuel symbeol. Bisec-
tion is no special operation, but only & multiplication by 30" --
and the square-rcot is explicitly asked for a; the solution to
the problem x.x =n. Two additive processes appear to be present,
but the one corresponding to "appending" can no longer be identity-
conserving, since it is often (though not here) symmetrical with
respect to the addends. No doubt, therefore, that the conceptuali-
zation of the preblem is completely arithmetical.

As discussed at some length in chapter I, an arithmetical con-
ceptualization does not exclude a geometrical method and justifi-
cation. This combinstion is precisely what is found in al-Khwérizmi's
justifications., A figure which would serve to solve the problem was
shown in Figure 2, and the same Figure end a generalized version
will in fact explain all problems of the tablet (except one dealing
with mixture of metals and one dealing with a rectangle of known

51%530 proportions),- see Figure 20. Moreover, even the more specious
. 2
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procedures are easily erguéd from the two all-purpose figures --
and in one case, that of N® 13, Neugebauer feels obliged to have
recourse to Figure 203‘17” in order to explain why the pro-
cedure is at all meaningful. On the other hand, several of the
solutions are very difficult to follow unless one uses either
geometric support or written, symbolie algebra -- purely rhetorical
methods will not da. It is therefore reasonable to assume that

the method of Seleucid second-degree mathematics remeined geome-
tric, in spite of the arithmetization of ite conceptualization

(though probably "aynthetic® rather than analytically constructive).

it is tempting to see the arithmetical conceptualization as the
final outcome of a natural process already begun during the late
01d Babylonian period: Secular use of the same procedures would
grind off everything superfluous and leave back only the essential
structure, which is indeed arithmetical. Before accepting this
as sole and sufficient explanation we should, however,
be eware that one other factor was also at work -- and perhaps
even a third circumstance should be taken into account.

The indubitable extre factor is the specific scholarly environ-
ment of Seleucid mathematics: The great sstronomical centre of
Urukﬂso{ The enormous numerical calculstions performed in this
centre may well have made the local scribes more inclined toward
arithmetical thought than less specialized practiticners of the
algebraic art (whoever they may have been -- but as we shsll see
below, such practitioners must have existed).

The possible extra factoer is cultural cross-fertilizstion.
Seleucid Uruk was part of the Hellenistic melting-pot, and links
back to 0ld Babylonisn traditions should therefore not be taken
to exclude combination with other links. In another branch of
Seleucid mathematics, viz. mensurational geometry, a definite

break with 0ld Babylenien methods and a striking parallel teo
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Alexandrinian geometry is clearly visiblé1a1{

In the procedure of our problem there may slso be a suggestion
of cultural import. All corresponding 0ld Babylonian problems
find the semi-sum and the semi-difference between length and
width, even those which appear to make use of the same geometrical
configuration. In the present case, the total sum and difference are
found. There is no inherent reason For that change. In a group of more
orthodox second-degree problems in the Seleucid tablet AD 6484,deal -
ing with igim-igibOm-pairs with known sué1sz (as far as mathema-
tical structure concerns no different from the present problem)},
we find indeed the traditional semi-sums and semi-differences,
together with a terminology which is sbout as arithmetical as that
of the present prabled‘a».

A purely autochtonous development would probably have sffected
the method of all isomorphous problems similarly. it is therefore
plaugible that the specific methods of BM 34568 were introduced
together with a specific cluster of length-width-diagonal-problems
during the dislogue of scientific cultures.

It is not possible to identify the eventual interlocutor. Si-

wmilar interest are found in China, in the Nine Chapters on Arith-
184)

metié But they are also found in the Graeco-Roman uorlamaﬁ,

and in neither case are the similarities complete or fully con-
vincing. Furthermore, the Hellenistic ere was one of wide-range
cultural connections, from Chinws to Magna Greecia. The suggestive
similerities can at most be teken as indications that mutusl in-
spiration took place, and that Bebylonis was probsbly not the only

focal point for "algebraic" investigations of geometric figures.
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The eventual foreign inspiration of Seleucid algebra is
difficult to trace precisely. So ere also the eventuasl inspi-
rations Flowing the other way during Antiquity and the early
Middle Ages. Certain suggestions can be found, however, in
Greek sources pointing to inspiration though hardly to direct
descendency.

The idea of inspiration from Babylonian algebra to Greek "geo-
metric algebra®, i.e. the geometry of Elements I] ete., isas old as
the discovery of Babylomian second-degree algebra. Since the
late 1960es it has been suvbmitted to severe crlticisé186. mainly
because the Greek geomekry of areas is a coherent structure of
its own which is not adequately explained as a "translation" of
an srithmetico-rhetorical algebra, of which it is neither an iso-
morphic nor a homomorphic mapping.

A naive-geometric reinterpretation of Babylonian algebra changes
much of the foundation of the debaté‘a”. If we recognize further
that the structure of Greek geometry is the result of a process
and not identicsl with the structure of its possible inspirations,
the question of Babylonjan inspiration of Greek mathematics is
completely open again.

This is not the place for a thorocugh investigation of the pro-
blem, which ! approach elsewheré18m. 1 shall just point to an ob-
servation which put me on the track. The much-discussed term
&0vapeg has given rise to precisely the some ambiguities as the
Babylonian mithartum. In some contexts it seems to mean “sguare-
root" or "side of square™, in others it is the square itself.

As in the Babylonian case, the apparent asmbiguities are eliminsted
if we read the term as "s square identified by {and hence with)its
side". The normal Greek habit is to identify a figure with its

areaj a5 with us, a square designated tetpdywvog has a side and
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is its area. The &vvapLg is thus a Foreign flower in the Greek
conceptual garden.

Investigation of a variety of (mostly early) sources suggests
that the term was not only used in theoretical geometry but also
by calculators -- seemingly in connection with some sort of algebra-
ic activity (anearlier stage of the tradition behind Diophantos).
Links to the theory of figurate numbers are also suggested, and

pebble-

hence to a Y abacus-representation of the naive-geometric proce-

dures {cf. above, the end of chapter VI).

Another possible line of trensmission of Babyloniesn influence goes
to the pre-Diophantine algebraic tradition. I have slready pointed at
the similar ways in which the Babylonians and Diophantos desl with
non-normalized problems, and other similarities could be found
in that tiny part of Diophantos' Atithmetica whichpossesses
cyneiform parallels. Such similarities sre, however, fairly in-
conclusive, since the subject-matter itself restricts the range
of possible procedures strongly. Supplementary evidence may,
however, be hidden in 8 much-discussed term of the Arithmetica,
the alaopasiudg, which occurs in I.xxvii, I.xxviii and I.xxx of the
surviving Greek part, and in the Arabic IV.17, V.19 and V.7. In

diorism, i.e. the
the Greek text, it seems to be theYcondition for solvability which
is called miaopetindv, while the Arabic passages spesk of the whole
problem as belonging to the class of al—mhhax!a’nh“a”.

The Greek term derives from anldogw, "to form®, "to mold"™, etc.,
and it is related to mAdopa, "enything formed or molded, image,
figure" ete. (GEL 1412a). Because of this etymology and the Greek
passages alone, Ver Eecke suggested it to mean that the

diorism can be demonstrated geometrlcsllyﬂ90{ Since a reference

to Fuclidean geometry fits badly ta the distribution of the term
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in the Arabic books, both editors of the Arabic text have looked
for alternative ways to get a meaning of the term in its actusl
contexté‘go. Here again, however, the naive-geowetric view-point
changes the basis of the question. We already know a akdopa, @
fixed figure or "mold” on which the diorisms of the three Greek
passages cen be seen immediately -- viz. the upper square in
Figure 20 (quartered as inFfigure 17, sinceDiophantos uses semi-
sums and semi-differences). Moreover, the diorism of the Arabic
¥.? can be seen on the three-dimensional analogon of the sawme
Figure,

The diorisms of the Arabic IV.17 and IV.19 are of a different
character, involving factorizations of the sides of cubes. There
are no direct links to specific Bsbylonian material; on the other
hand, certain techniques used for the computstion of large reci-
procal tables and the techniques of scaling are akin to the Dio-
phantine procedure. Since (at least the Arabic) text does not claim
that these and none but these problems possess a distinctive mathemati-
cal qualitybut only states thet they belong to a certainpre-established
bunch of problems possessing the quality, we should perhaps interprete
the term as designating problems the feasibility of which is
seen by certoin nsive-geometric procedures {not necessarily by
Diophantos but at least by the people who established the bunch}.
The interpretation is not compelling, nor is however any rival
explanation. A hint of a Babyloniasn connection may -- but need

not -- hide behind the term and the concept.
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X.,4. A direct descendant: Liber mensurationum

1f the inspirations from Babylonizn algebra to Greek mathems-
tics can only be traced indirectly, through the combination of
many sorts of indirect evidence, influences in Medieval lglamic
mathematics are direct and easily verified.

Once more, I shall only sketch the basis of the argument, since
1 deal with the matter in detail elsewheré19m. The central
source is a Latin translation made by Gherardo di Cremona in the
12th century from an Arabic original due to one (otherwise uniden-

tified) Ab§ Bakr, the Liber mensurationqmngﬂ. The First partse

of the work deal with squares and rectangles (the later parfs,
related to Alexandrinisn practical geometry, does not concern us
here}, It was slready noticed by H.L.L. Busard in his edition that
the work shares many problem-types and even the coefficients of
certain problems with Babylonian algebra (making no distinctien
between 0ld Babylonian and Seleucid material}. This, however, is
not conclusive. Starting from the simplest cases you will necessa-
tily hit upon many of the seme problem-types -- and if you prefer
the second-simplest to the simplest Pythagorean triangle, your
numbers will be 6, & and 10.

The First decisive obaservation is that many problems are
solved twice, first by a method given no specific name (and
hence to be regarded as the normal, fundamentsl methad) and
next by alisbra, obviously a term meant to render the Arabic al-jabr.
In & general sense of the word, both methods are equally slgebraic.
Aliabra, however, refers directly to the Fundsmental cases known
from al-KhwarizmI. It is hence the rhetorical discipline known
from al-kKhwsrizaf and ibn Turk!®? and also referred to by Thabit

ibn Qurre in his "Rectification of the cases of al-jaer195{
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In several ceses, the numerical steps of the fundamentsl method
and the alternative by aliabre are identical. The difference be-
tween the two must therefore be one of representation and concep-
tuyslization.

The next observation is that the discursive organization of the
descriptions of the "fundamental' procedures coincides down to the

the use of
choice of grammatical temse and person and to/certain standard
phrasees ("since he has said"; "may your memory retain") with the
familisr structure of 0ld Bsbylonian texts. The procedures are
also often those known from the 01d Babylonian texts -- e.g. the
"change of variable" of AD 8862 N 1. The standard length-width-
problem is solved by means of semi-sum and semi-difference, showing
that the connection of the text is really directly to the 0ld
Babylonian tradition, bypassing the Seleucid astronomical school.

A closer look at the vocabulary shows that the conceptual
distinctions known from the classical 01ld Babylonian tradition
are not respected completely; so much remains, however, that we
have good reasons to believe that a naive-geometric method is
behind the numerical algorithms described in the text. A Final
"See" after many procedure-descriptions indicates that the
original has indeed contained (naive-)geometric justifications
of the methods“96{

These observations are the main but not the sole reasons to
see the fundemental approach of the text as a direct continuation
of an 0Old Babylonian naive-geometric tradition, which must then
have been alive until the Arabic original was written (probably
not much later than A.D. B00). Even in Ab{J K3mil's Algebre,
dating from c. A.D. 900, aAn alternative to the ﬁormal al-jabr
procedure is sometimes ofFered!”’which contains the Lypical

Oild Babylonian steps, though in arithmetico-rhetorical
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disguise). More striking is, however, s passage in Abd'l-Wafd’s

Book on What is Necessaty from Geometric Construction for the

Artisan, written after A.D. 990. In chapter 10, prop. 13, the
author tells that he has taken part in certain discussions
between "artisans" and "gzometers", apparently regarded as
coherent groups. Confronted with the problem of adding three (equal)
geometric squares (the sum also being a square), the artisans
proposed s number of solutions, "to some of which were given
proofs™,- proofs which kurn out to be of cut-and-paste character.
The geometers too had provided a2 sclution (in Greek style), but
that was not acceptable to the artisans, who claimed a conerete
rearrangement of parts into which the original squares could be
cut“ 98)_

in chapter I, al-KhwirizmI's naive-geometric justifications
of his algorithms were explained as a pedagogical device, in order
to demonstrate what naive geometry would look like. At the present
stage of the investigation it turns out that the 0ld naive-geome-
tric tradition was still alive when al-Khwadrizmi wrote his seminal
compendium on algebra. We can hardly assume that he invented anew
a technique which was widely practiced around him -- and we can
therefore be confident that his justifications were direct
descendants of those of the 0ld Babylonian calculators. We may
guess that even his srithmetico-rhetorical al-jabr derives ultimate-
ly though highly transformed from the same source, but there
we have no direet evidence; through his justifications, however,
we know that the Ancient techniques were passed on to Medieval

Jslam and to the early European Renaissance, and hence teo the modern

warld.
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1. The 01d Babylonian period spans the time from c. 2000 8.C. to
1600 B.C. (middle chronology). The mathematical texts dealt with
in this paper belong {(with the exception of the Seleucid text
presented first) to the time From ¢. 1800 B.C. to c. 1600 B.C,

2. Anachronisms are lurking everywhere when one speaks of Babyl-
onian mathematics in modern terms. The Babylonians did not classi-
fy their problems according to degree -- they have related classi-
‘fications, but the delimitations deviate somewhat from ours, and
they have another basis. "Equations", on the other hand, is a8
fully adequate description even of the 0ld Babylonian pattern

of thought, if enly we remember that what is equated is not

pure number but the entity and its measuring number: Combinations
of unknown quantities equal given numbers or, in certain cases,
other combinations of unknown quantities,

3. BM 34560 No 9 (BM 34568 refers to the museum siganture, NO 9

to the number of the problem inside the tablet as numbered in

the edition of the text). The text was published, transliterated,
translated and discussed by Neugebauer in MKT I11, 15ff. The num-
bers in the margin refer to the position of the text on the tablet:
Obverse/reverse, column NO, line NO,

The text is Seleucid, i.e. from around the 3d century B.C.

The translation is a literal retranslstion of Neugebauer's
German tramslation as given in MKT 1Il. So, it renders the way in
which Babylonian algebra is known te broader circles of histor-
ians of mathematics. (All translations given below will be my own
direct translaotions from the original language).

4. For the transcription of the sexagesimal place value numbers
found in the text | follow Thuresu-Dangin's system, which in my
opinion is better suited than Neugebauer's for the purpose of
the present investigation: 3° is the some as 3, 3° the same as
3.607", 3 meons 3+607%, etc. 3' means 3.4D0', 3" equals 3.80°%,
etc. The notation is an extension of our current degree-minute-
second-notation, which anyhow descends directly from the fabylonian
place value system,

I use the notation as a compromise between two requirements:
For the convenience of the reader, the translations must indicate
sbsolute plece; this is not done in the original cuneiform, but
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so few errors are made during additive operations that the
Babylonians must have possessed some means to keep track of
orders of magnitude. On the other hand, the zeroes necesssry
in the conventional transcription introduced by Neugebauer
(1932) (3,0;5 instead of Thureau-Dangin's 3°5° and the Baby-
lonian 3 5) are best avoided in an investigation of Babylon-
ian patterns of thouyht, where such zeroes had no existence,
(Admittedly, the situation is different in an investigation of
mathematical techniques, especially the techniques of mathema-
tical astronomy, with special regard to which Neugebhauer
introduced his notation).

5. Rosen 1831:41.
6., Arithmetica I, xxvii.

7. The term is due to Nesselmann {1842:302ff), who slso intro-
duced the more current "rhetorical algebra”.

B. Irrespective of the question whether "geometric algebra" was
or was intended to be an "aslgebra".

9. Cf. also Elements 11,5. An anologue of the algebrasic problem
in one unknown is found in Dats, prop. 58, and in Elements VI,20.

10. In o preliminary discussion paper (lleyrup 1985) I spoke of
"geometrical heuristics". 1 bhave also pondered "visual"™ or "in-
tuitive geometry”. After much reflection, however, 1 have come to

prefer "naive geometry" ss relatively unlosded with psychological
and philaosophical connotations.

11. See Rosen 1831:13-16.

12. The immediate argument for this is thet symbolic algebra
requires a level of abstraction which appears to be totally alien
to Bebylonian thought. IFf this seems too much of an argument ex
silentio, it can be odded that symbolic algebre is grosso modo
akin in structure to arithmetico-rhetorical slgebra. 5o, even if
we upkeep the possibility of symbolic algebra as a silent hypo-
thesis, the arguments which will be given later against an arith-

metico-rhetorical interpretation will also exclude symbolic trans~
lations of the latter.
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On the same accounkt, an "abacus" representation of Babylonian
algebra (with ceounters representing the coefficients of the pro-
ducts and powers of the unknowns) can be discarded. In itself,
the "abacus interpretation® might have a certain plausibility,
since material calculi had been used for common reckoning end/or
computation in earlier epochs in Mesopotamia. Nothing, however,
but the writing materisl (pebbles instead of ink) distinguishes
such 3 representation from the syncopated algebra of Diophantos
or the further development and schematization of the same prin-
ciple found in Medieval Indian algebrsj arguments against an
arithmetico-rhetorical interpretation of Babylonian algebra will
hence also be arguments agesinst an arithmetical "abacus algebra"
(I shall return below to the possibility of a geometric "abacus
algebra” reloted to the Greek "figurate nuambers").

13. By "Modern" | mean "post-Renaissance", in the case of algebra
specifically "post-Vieta". 1 disregard what mathematicians

would call ‘"modern" (sbstract, “"post-Noether") algebra as irre-
levant to the present discussion: It is, at least in classical
senses of these words, neither arithmetical nor geometric, be it

in basic conceptualization or in method {(although it is, primarily,

an abstract extrapolation from erithmetical conceptualization
and method).

14. It should be emphasized that the investigation deals enly
with the algebraic texts, There is no reason to doubt the purely
numerical charecter of many of the table texts; but the numerical
character of Ltexts like Plimpton 322 (MCT, 3B) does not permit us
to conclude that ulgebraic problems too were understood and
solved arithmetically. Similarly, it cannot be doubted that a num-
ber of texts desl with real geometric problems,- but even there
generalizations are not automaticelly justified,.

15. Among the most explicit, lhuresu-Dangin {(1948:302) states that
the problems dealing with gecmetrical figures do so because “a
plane figure will easily give rise to a second-deqree equation®,
but that the problems are still "purely numericel", just like the
indeterminate equations of Diophantos' Arithmetica VI, Ffor which
right triangles function as a pretext.

16. So, van der Waerden (1961:71f) suggests hypothetically that
certain basic algebraic identities may have been proved geometrically



- page 154 -

{ {a-blfa+h) = a2-b*, etc.). The conjecture is accepted by Vajman
(1961:168f). At the same time, however, van der Waerden distinguish-
es the method of proof from the conceptuslization, stating that

the "thought processes of the Babylonians were chiefly algebraic
{i.e. arithmetico-algebraic -- JH). It is true that they illu-
strated unknown numbers by means of lines and areas, but they
always remained numbers”.

17. IM 52301, the inscription on the edge as interpreted by Bruins
(1953:242F, 252).

18. Cf. the revised transliteration and the new discussion in
Cundlach & von Sodem (1963:253, 259F).

19. Neugebauver 1932a:6.
20, So, no real Sumerian dictionary exists to this day.

21. The prevailing tendency has been to leave the conception of
ideograms and to ¢laim that the cuneiform signs when not used
phoneticelly would stend for, and be read as, specific Akkadian
words. The difference between an ideogram and a logogram is as the
difference between "+" and “"yiz.": The First sign will of course
always be read by words, depending on the situstion as "plus",
“added ta", "and", or something similar; only in the specific
additive meaning, however, can it repliace the spoken word "and" --
it is no logogram, it corresponds to an operational concept which
is not identical with any verbal description, "V¥iz.", on the

other hand, is 8 real logoaram for “namely".

No doubt, the logographic interpretation describes the normal
non-phonetic use of cuneiform signs adequately. At least in mathe-
matical texts, however, certain signs wust be understood as jideo-
grems, not as logograms, as [ shsll exemplify below {cf. notes
57-583; and note () to  TMS XVI Aj cf. also SLa, 25f,
on similar phenomena in non-mathemstical contexts).

22. The sign £=} may be taken as an exsmple. The conventional

sign name is ¥ag (the name given to it in Ancient sign lists).

It mey stand For Sumerian ka &, "beer" (Sumeriam words are usually
transliterated in spaced types), and For the possessive suffix -bij
the latter reading is used im Sumerian as an approximate syllabic
writing for the compound b+e > b é, "says it" (or rather "it is said").
These three uses have given rise, respectively, to logographic use in
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Akkadian texts for the corresponding words Sikatum, ~3u/-8a and
gab0m, together with the derived $0/8dsty, "this” (a function inwhich
Sumerjan b i ecan alsobe used). In the 0ld Babylonian period it
will also be found with the phonetic values bi and bé and, more rare-
ly, pi end pé (accents and subscript numbers are used to distinguish
diffFerent writings of the same syllable). In later periods, it
can also be used phonetically as ga8, ka¥ and kis.

To this comes the role in a number of composite sign groups
vsed logographically: different specified sorts of beer; inn-
keeper; song(?); etc. Finally, the sign may represent twice the
surface unit & %e, written »4 . (After HEA and ABZ, NO 214),
and a commentary from Bendt Alster}).

23. To know whether he thinks concretely through the standard-
term we would have to investigate whether he avoids using it
when constructing the orthogonal to & non-horizontal linej i.e.,
we would have to investigate the structure of his total termin-

ology and its use in various situations.

24, See Pauly-Wissowa I{(i), 5. HAllw quotes the Semitic root in
Hebrew, Arabic and Aramaic. It appears to be ebsent in Akkadian,

25. The Semitic languages combine {with special clarity and
richness in the system of verbs and their derivations) fixed,
mainly consonantal roots carrying the semantic basis,with a

huge variety of prefixes, infixes (among which the vowels,

which are submitted to change) and suffixes determining not only
grammatical category bubt also many semantic displacements whichin
Indo-European languages are not subject to morphological regula-
rity. The actual functioning of such 5 system requires that its
speskers apprehend (subconsciously) all the derivations of & root
as belonging to one scheme, in the way an English four-year old
child spprehends "whistled" as a temporal displacement of ths
semantic basis "whistle" according to =2 genersal acheme

(8s revealed by its construction of florms like "goed" instead of
"went").

26. VAT 8390, rev. 21 (MKT I, 337).

27. The former interpretation is suggested by the use of Sumerian
ky, "to eat", as a logogram For the term (cf. below, section
IV.3). For this reason, it is normelly accepted today, cf, von Soden
1964150, and AHw, kullu(m) and ak3lu(m).

The latter interpretation was proposed by Thureau-Dangin (e.g.
TMB, 219F}, who expleined the logographic use of kg as a pun-
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like transfer, inspired by the coincident St-forms of kullum and
akdlum {(cf. TMB, 232f)}. Such transfers are indeed not uncommon in
cuneiform writing (cf. sbove, note 22), and hence @ derivation
from "holding" cannot be cutruled. As it will appear below, a
relation to another term (takIltum) appears to rule out the deri-
vation from "eating"; the connection to "holding", on the other
hand, will turn out to make perfect sense.

28. A simple instance of such structural analysis was suggested
in note 23 as s means to investigate whether a modern user of
geometrical terminology sssociates the "raising" of a perpendi-
cular with the literal mesning of this term.

29. This parsdoxical phrase should perhaps be clarified. An im-
portant characteristic of a technicel term is fixed semantic

contents and relative obsence of connotations and analogic mean-
ings. Technical terms when applied _as such are not open-ended.

€Even in modern mathematics, however, technical terms ere also
used metaphorically and in other ways departing from their
technical semantics. This happens during theoretical innovation,
when the technical terminoleogy has to adapt to new conceptual
skructures; it slso occurs in informal discussion and didacti-
cal explanation when the truth is not to be stated but to be
discovered or conveyed. These are processes which always require
compromise with pre-existent understanding, and therefore such
non-technical displocements of meaning reveal something about
this understanding. {CF. for certein aspects of this discussion
B.E.F. Beck (1978) and S. Harcus (1980}).

The Babylonian mathematicsl texts abound in examples of such
derived meanings and applications of terms -- to an extent which
suggests that we are not confronted with 2 real technical termin-
ology after all, that few terms possess » basic, really fixed
technical weaning. Instead, most terms should probsbly be regarded
a8 open-ended expressions which in certain standardized situations
are used in a standardized way. This will be amply exemplified
below.

30, This is, grossc modo, the way 1 go through the subject in my
preliminary presentation {leyrup 1985) of the problem and of my
results. The outcome is rather opaque.
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31, With the partial exception of egBpum (and its logographic
equivalent t ab), the original meaning of which is "to double",
and which in phrases "double x to a" mesns "multiply x by [the
positive integer] n" if interpreted arithmetically.

32. It should, however, be emphasized that buth Neugebauer and
Thureau-Dangin show great intuitive sensitivity to the

shades of the vocabulary in MKT and TMB. [ remember neo single
restitution of a broken text in either of the two collections

which does not fit the results of my structural investigation.

33, Disregarding the possibility to distinguish between multipli-
cations involving only integers, multiplicativos where one Factor
at least is an integer, and multiplications of wider classes

of numbers. In fact, all Babylonian terms except egdpum (and

t ab) can be applied for the "multiplication" of any number by
any other number.

34, The vocabulary of the later (Seleucid) mathematical texts is
very different, and can indeed be taken as an indication that
the mathematical conceptualizations had changed through and
through during the ceaturies which separate the two periods.

CF. below, section X.2Z.

35. In order to emphasize the purely 0ld Babylonian character of
the summary | write all Akkadian verbs and nouns with "mimation®,
i.e. with the final -m which was lost in later centuries.

36. Literally, the Sumerian gar ~gar means something like
"to lay down (gar) repeatedly"; possibly, the UL of UL,GAR
is due to a sound shift Ffrom UR =ur, inter alia "to colleet”
(5L 11, No 575.%)}, which would lead to an interpretation of
UL .GAR as a composite verb "to lay down collectedly" (maybe
an artificial "pseudo-Sumerogram").

37. €f. section VIII.2, the notes to AO BO6Z, for
reasons why the single sum has to be understood as 2 plural.

JB. A similar use of Akkedian aldkum, "to go", as s substi-
tute for eg&pum, "to double”, is found in severul Susa texts
(among which TMS IX, translated helow in section VIII.3).
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39, Originally, Thureau-Dangin suggested the conjecture that
nim might be used for the factitive or causative S-stem

s@l0dm (TMB, 239)}. However, the headline of the Susa list of con-
atant (i gi -gub-) factors claims to contesin "igi -gubd, that
of making anything high®™ /TM$ 111, 1}, using the infinitive ulldm
of the constantly factitive D-stem. Since the S5-stem is furthermore
used (in AD 17264, MXT 1, 126f, and in Hadded 104,111,7, al-Rawi
& Roaf 1985) in the sense of making a square-root "come up" as

a result, nim~ylldm is probably to replace Thureau-Dangin's
conjecture.

40, As we shall see below, the area of a rectangle is presumably

also found by "raising”, although the operation is normally not
made explicit.

41. BM 85196, rev. Il,11 (MKT LI, 46).
42. Gandz 1939:417°F

43, The same idea of covering epiece of land is indeed seen in the 01d Baby~
lonian measurement of a slope by the "ukullimesten in 1 cubit", i.e. cover«
ed per cubit height (VAT 6598, rev. .18, inMKT 1, 279, cF. TH8, 129).,

44, ¥BC 4675, obv. 1 {MCT, &4) has the expression “Summa a$a
ud ud i-%¢", "when a length and a length eat/hold asurface”,
referring to a surface stretched by two (different) lengths
(i.e. te an irregular quadrangular surface). Later in the same
text {(rev. 15) the term Sutidkulum itself stands as a complete
parallel to the use {in rev. 6} of ep&dum, "Lo make", "to produce"
(viz. a quadrangular surface). In neither case is any multipli-
cation to be found.

45. On the denotation of squares, see Deimel 1923 NO 82 (cf. MKT
1, 91, and Powell 1976:430) and Edzard 196%. On the equality of
lengths slone or widths alone, see Allotte de la Fuye 1915:137FF.

46. Occesionally ba-si,. This term is, however, more common

in connection with cube roots.

47. BM 15285, passim (MKT 1, 137fF). The geometrical character
of the squares iscertain both because they are spoken of as po-
sitioned and because they are drawn on the tablet. Shifts between

the two terms show that i b-38i, is intended here as a logogram

i LA

for the Akkadian word mithartum (cf. immediately below). In the
"algebraic” problem text Str. 363 (MKT I,

244}, where the scribe
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has done his best to find {and, one may suspect, to construct)
Sumerian logograms to express his Akkadian thought, the same equi-
valence i b-98i, ~mithartum is used,

——————

48. Private communication.

49. See e.g. BW 13901, passim (several problems are translated
below}.

50. AD 17264, obv. 2-3 (HKT I, 126).

51. Goetze 1951.

52, Texte ¥, THS 35fF. All three occurrences are late 01d Babylonian,
A0 17264 possibly even enarly Kassite.

53. The sign is indeed a "squared line“:D. S0, it is unclear
whether its ideographic value should be connected to its use as a
logogram for lawdm, “"to surround", or should be conaidergu.fgﬂhic.
(In both cases, the use in AD 17264 must be considered secondary,
derived from the habitual association of the quadratic Figure
with equality).

56. Texte VI, TH5 49FfF.
55. BH B5194 (MKT 1, 143FF) and BM B5196 (MKT I1, 43fF).

56. Texte IX, 5 and 12, and Texte XXI, 4 (THS, 63 and 108). The
edition transcribes as Butamhurum ond translates as SutBikulum!

57. Cf. above, note 21. The ideogrophic role of the sign in con-
nection with squaring and “rectangulatization" should of course
be distinguished from its possibly logographic role inside other
semantic fields.

The sign is ED , a repested [T LAGAB. As in the logogram
l-kd-kd, the repetition tooks like an intentional graphic repre-
sentation of the reciprocity of the St-stems ZutBkulum and Sutamhu-
rum, or perhaps of the use of twg lines to stretch the square or
rectangle. CF, also note 58 on UL.UL and UR.UR.

58. YBC 4662 and 4663, passim (HCT, 69, 71F). In YBC 8662, the
term occurs in the construction "x a-ré x UR.UR.a™; however, in
several other constructions (sppending, i.e. un additive opera-
tion; raising) the tablet writes a-r4 instead of ana, due perhaps
. . cos 3 . Antegtion
to a dictation or writing errorj so, I guesas Lhat Lthe urxgxna??waa
“x ang x ...". In YOC 4663, Lhe term when used for squaring gives

the factor only once ("3715° UR.UR.ta"), but for once Sutdkulum
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is used in the same way in that tablet (rev. 20). On the other
hand, while the tablet has "w & sag UR.UR.ta" (t a-—igg,“from"/
"by means of"), it writes "u3 u sag Butskil® (u ~ "and”}; UR.UR
can therefore not be a pure logogram For Butdkulum, instead the
whole phrase is written as an ideographic syncope.

Goetze (MCT, 148) counts the two tablets among the early South-
ern ones. Both, however, state results with the word tammar, “you
see”, as do the texts belonging to bhis group VI and other Northern
texts (cf. below, note 84).

As in the case of 1 -k U -~kD as a logogram for ButfSkulum, the
repetitive structure of UR.UR is probably to be read as a (pseudo-)
Sumerian rendition of the reciprocity of the 3t-form Sutamhurum
-- or, rather, as a way to render in Sumerian grammar 2 geometrical
idea whichis rendered in Akkadian by the 5t-stem (and rendered
badly so, as the verb has only one object).

59. AD 17264, obv, 13-14 (HKT I, 126, cF. THMB, 74).

60. All three values sppear to belong originally to UR;, but all
are also testified for UR - cf. the terms in question in AHw,
and MEA, NO 401 (UR,) and N9 575 (UR).

61. Str. 363, passim (MKT I, 244F); Str. 368, rev. 5, 8 (MKY I,
311); VAT 7532, obv. 19 (MKT 1, 295); VAT 7535, rev. 17 (MKT 1,

305)3 VAT 7620, passim (MKT I, 315); YBC 6504, passim (MKT I,
22f).

62. Str. 363, rev. 15-16: ".., 20 u 1 UL.HL-ma 20 / 40 u 5 UL.UL-
ms 320" ,..". Furthermore, in obv. 9 of the same tablet a rela-
tive clause refers back to UL.UL by a syllabic Zutakulum.

63, YBC 6504, In the first two problems of the tablet, ib-s8i,
is used in the statement, while Sutamhurum is used for squarings
in the prescription of the procedure, and { b-3s1i, turns up when
towards the end & square-root is taken. ln the third and fourth
problems, UL.UL is used both in statement and procedure for

squarings, while i b-s8si, is still used for the square-root.
64, Falkenstein 1959:20 (§ 9,1.b, "e"); SLa 45, § 28, cf. § 30.

65. A place where the distinction between "halving" and “division
by 2" {(i.e. multiplication by 27 ) is especially obvious is Str.
367, rev. 3-4 (MKT I, 260}, A clear distinction between bamtum
and mi8lum is found in the tablets AD 8862 (below, section XIIL2)
and BM 13901 (MKT I11,1-5). A single tablet (YBC 4504, MKT 111,
22F) uses Su-ri-a where others have bamtum .
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66. The standard table of reciprocals lists the reciprocals of

the regular numbers fram 1 to 1°21° (=81) -~ ef. MKT I, 9Ff. It
can be legitimately discussed whether our term "table of recipro-
cals" is snachronistic. Indeed, one table, which appears to ante-
date 1850 B.C. (MKT I, 10 NO 4), seems to express the ides that
not 7/n but 60/n is tabulated (Scheil 1915:196). According to
Steinkeller (1979:187), another table with phonetically written
numbers suggests the same idea (in HMKT I, 26f). On the other hand,
such conceptualizations of early tables have no necessary impli-
cations for the understanding which 0ld Babylonian calculators had of
the tables used in their own times ,- and two observations combined sug-
gest that they did in fact apprehend their own tables as tabulations of
the numbers 1/n. Firstly, they used the tables for divisions, i.e. for
multiplicotions with these numbers. Secondly, there is textual
evidence that they possessed a specific concept for the number
i/n, as distinct from a general "n'th part"” (of something) -- ef.
below, note 69.

67. A few tables contasining approximate reciprocals of certain
irreqular numbers exist: YBC 10529 lists reciprocals of regular
as well as irregular numbers between 56 and 1°20° (MCT, 16).

M 10, Johm F. Lewis Collection, Free Libr. Philadelphia gives
reciprocals of 7, 11, 13, 14 and 17 (Sachs 1952, 152). Apparcntly,
however, such approximations are not used in the 0ld Babylonisn
mathematical texts (and since the irregular divisors of these
texts always divide the dividends, such use would indeed lead to
errors which could not go unnoticed).

68, VAT 4768 and VAT 4675, published by Fértsch (1916 NO9 65 and
175), transliterated and translated by Bauer {1967:508-11)}. The
texts belong to the fourth year of Lugalends, and speak of 1/4
Sekel silver and 1/6 Bekel silver, by the phrase "igi n gd41".
Similar contemporary evidence (olso from Lago3) is found in M.
Lambert 1953:60,105,106,108,110 {1/3, 1/4 and 1/6 Zekel of
silver or lead) and Allotte de la fu¥e 1915:132 (1/4 ser of
land).

All these tablets antedate the first kmown occurrences of
sexagesimal reciprocals by some 350 years, and they antedate by
c. 200} years a schonl text which suggests that the ideas behind
the sexayesimal system were on their way but not yeat mature nor
formuloted around 2200 B.C. {(Limet 1973 NO 36; cf. commentaries
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in Powell 1976:426F and Heyrug 1982:28). We con therefore confi-
dently infer that the general sense of a reciprocal is a secondary
derivation. This undermines the only plausible (yet grammatically
somewhat enigmatic) explamation of the term given to date, one of-
fered by Bruins (e.g. 1971:240): Literally, the phrase "igi 6
gél-bi 10~ 4&a" could mean "in the front of 6 is: 70 is it", i.e.
win front of 6 is Found what (in the table of reciprocals)? ro".
This explanation would interchange basic and derived meaning,

and until evidence turns up which moves the tables of reciprocals
back into the mid-third millenium, is cannol be upheld.

Truly, Bruins (1983:105, and earlier) points to two 0Old Babylon-
ian texts which write the Akkadian term p&ni, "in front of", when
wanting to designate the reciprocal. (So does alsc Haddad 104, see
al-Rawi & Roaf 1985,section 0.4.3). Certein 0ld Babylonian scribes
hence appear to have held the same hypothesis as DBruins concern-
ing the origin of the expression. But 0ld Dabylonian scribes may
as easily have constructed a scholarly pseudo-etymology as they
can have guessed correctly a conceptual development which had
taken place some 800 yeers before their own time, In any case,
current logographich use of iyi for pSnum may easily have led
them astray to an erroneous "folk etymology".

69. Str. 3867 (MKT I, 259fF) speoks in obv., 3 of “the third part”

of a length in a complete phrase "igi 3 gdl", while the reci-
procals of 4, 1, 3, 2, 3720 and 112" are spoken of (passim)
eimply as "i gi n". The some distinction is made in VAT 7532 sand
VAT 7535 (MKT §, 294fF and 303fFf}; here, even the n'th part of

the number ! is spoken of in the complete phrase when this nuamber !
is token to represent an unknown length, ond the part hence under-
stood as a fraction of something, not as a reciprocal (a2 number).
In BM 85210 rev. 1, 0-22 (MKT 1, 221F), the "n'th part of 2" is
also spoken of by the complete expression and the reciprocals
simply by "igi a"; but furthermoreﬁfgﬁe finding of the latter

is spoken of by the usual term du, {~patdrum, "to detach", cf.
below), the process leading to the former is designated by 2%
(~pagdhum, "to tear out™). BH 85194 (rev. 1,28, rev. II1.2-3,

and passim; MKT 1, 143ff} spesks of both "pert" and "reciprocsl"” by
means of the abbreviated expression, but distinguishes by means of

the differentiation between zi and du, .

70. Thureau-Dangin 1936156,
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71. In Str. 367 (MKT I, 259f) a triangle of area 217356 is
“"detached" from a trapezium of area 36", leaving a rectangle of

area 14°24°. The other subtractive oecurremce is Str.
362, obv. 15 (MKT 1, 240).

72, Cf. also the subtractive conceptualization of the process
"to Find the n'th part of m" in BM 85210 and BH 85194 (see note
69).

Further evidence against Thuresu-Dangin's assumption comes
from the way the finding of s square-root is spoken of: You are
requested to "make the equilateral come up" (30l0m<eldm); you
"take" it (lagdm)j; or the question is asked, "what the equi-
lateral™ (minom i b-si,). Had patdrum meant simply "to solve®
an arithmetical problem, nothing would have prevented the Babylon-
ians from using it alse for the solution of the problem x - x = A.

73. Vat 8389, obv.11.6-9 (below, section VII.1}s VAT 8391, rev.1.28-
30 {(below, section VII.2); VAT 8512, rev. 1-5 {(MKT 1, 341}; VAT 8520,
obv. 24F, rev., 25f (MKT [,346F); Str. 363, passim (MKT 1,244f),

74. Str. 367, rev. 11 (MKT [, 260); VAT 8512, obv. 10-12 {(MKT I,
3a1). A possible exception is AD 6770, N® 1, lines 5-7. Still,
since no really satisfactory interpretation of this text has been
given, it can hardly setve as evidence for anything. (1mproved
transliteration and bibliography of earlier trestments of this
text will be found in Brentjes & Miiller 1982; cf. Heyrup 1904

for reasons why even Lhis latest interpretation is problematic).

75, Strictly speaking, the Akkadian terms are not just rare. In
teality they are never used as names for the standard variables
but only im a couple of texts desling with real rectangles: Db,
146, obv. 3 {in Baqir 1962, P1. 3; 8iddum alone) and IM 53965,
pessim (in Baqir 1951; both terms}, On the use of pdtum {plural
of pdtum) to designote the sides of a real square in BM 13901,
NO 23, cf. below, section V.4. (Three fFinal instances deal with
carrying distances for bricks and the width of a canal).

76. See the texts from c. 2400 B.C. published and discussed by
Allotte de la Fue (1915}, A difference between the Early Dyna-
stic surveying texts and the 0ld Babyloniasn stendard algebra
prablems should be noted: While the latter tell us that they
deal with a rectangle simply by speaking of u 3 and s ag without
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any epithet (saying thereby implicitly that there is only one
length and one width)}, the former will normally present all four
sides of a quadrangle, and if a pair of opposing sides sre equal
they will {with one exception which seems most hastily written)
tell explicitly that this is u% si,, "lengths being equal®, or
sag si, , "widths being equal”.

77. TMS ¥ and VI, £ven if the length is spoken of explicitly,

the same lines of the texts will also treat the square figure
itself as a number, viz. as the same number as the "length".
Here as everywhere, square figure and side are conceptually con-
flated. So TMS V, obv. 1I,1: "The SQUARE LINE and 1/11 of my

length accumulated: 1%, i.e. square-line = length = 557,

78. On the other hand, the terms u% and sag aore {(on the same
and other sorts of evidence) not real logograms -- cf. below.

79. Like u3 and sag, a-5%a is used already in Early Dynastic
texts (cf. note 72). It seems plausible that this rooting in an
old tradition should be linked causally with the all-dominating
Sumerographic writing (in fact, full phonetic writing of eqlum
is as absent as phoneg¥g?si?ling af u¥% and sag). In contrast,
the unknown "squared line" in problems of one unknown is never

written by the traditional Sumerogram si, (cf. note 45). This

sppears ko indicate that theoretical algebraic problems
(among which the problems of one unknown ari important) did not
eventual

arise until the 0ld Babylonisn age (orfthat zhey arose among Akkad-
ian speakers--in which connection it may be of interest that a spe-
cific Akkadien record-keeping system, distinct from the contemporary
Sumerian system, was in use during the Sargonic era, see Faster
1982:22-25). A similar conclusion could be drewn from the greater
part of the basic algebraic vocsbulary, which is written alter-
natingly in phonetic and ideographic writing, bubt where the latter
writing is not traditional Sumerian.

80. Written GAR in MKT and NINDA in THMB. CFf., Powell 1972:198F con
the transliteration nindan.

A1, More complete information on the ¢Gld Babylonian wetrological
system will be Tound in TMB (pp. xiii-xvii) and HCT (pp. &4-6).

82. YBC 6504, passim (MKT 111, 22f). In the some text, intermediate
results are “"posed".
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83. IM 52301, obv, 19f (below, section X.1); the text is rather
lete and contains several other devistions from normal usage);

IM 54478, obv. 7 (Bagir 1951:30). In the newly discovered text
from Tell Haddad (Haddad 104, IV.9,17,29; in sl-Rawi & Rosf 1985}
the form lupput (D-stem, stative) is used of numbers which "stand
written down™ in a table of constant factors.

84. VAT 8520, obv, 21, rev. 20 (MKT I, 346F); YDBC 6967, obv. 11.

Cf, below, sections V.1 and VIII.4. A slightly different phrasing
is found in IH 52301, rev. 5 and 10 (cf. note 79) and in Db,-146,
4 and 13 (Baqir 1962:Pl. 3), and another possibly in THMS XVII, 12.

85. "Posing" stands precisely as naddm in TMS X111, 10 (cf. cor-
rection to the line in von Soden 1964:49) and in 1M 539465, rev.

7 (Bagqir 1951:39). In AD 0B62, LI, 21F {MKT I, 110), BM 13901, obv. 11,
B (MKT I[1, 2), YBC 4662, obv. 21 and 33 (MCT, 71), and Finally

in YBC 4663, rev, 23 (MCT, 69), the "equilateral® is "inscribed
until twice".

86. Most recent edition with sddition of a large fragment in
Saggs 1960.

87, Alw, article "nadd(m) §TI", §§ 20, 22, 24.

88, sum and nadinum are found in the texts to which Goetze
ascribes for linguistic ressons an early, southern origin (groups
i-1vV, see MCT, 146-151). Lommar is found in his group VI {"aorthern
modernizations of southern (Larsa) oriqinals"), in the Susa texts
of THS and in & number of the late (and northern) Tell larmal
texts {(in Beqir 195Na and 1951); the early Tell Harmal text
IM 55357 (Bagir 1950:41-43) uses igi-dd, s logogram for tammar,
mistaken by hamophony for i gi -du,, which is used in the same
function in YBC 4689 (rev. 1, 5-7; MKT 111,27) and YBC 4673 (rev.
111, passim; MKT Iil1,31); these too are probubly northern, cf.
MKT I, 387F and 123F. illiakkum and relsted derivations from gldm
are found in Goetze's group ¥V {"norlhern characteristics™, maybe
somewhat elder than the group VI texts); in the remaining late
Tell larmal texts (Baqir 1951)3} and finally in the early northern
texts Db,-t46 {Bagir 1962:P1. 3) and Haddad 104 (al-Rawi & Roaf 1985)
Only very few exceptions Lo these clear-cut rules are found.
The group 1 text YBC 7997 (HCT, 98) aligns padSnum and eldm (the
former being used for final resullts alonel); another group 1 text
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(YBC 4675, with the parallel Frogment YBC 9852 -~ HCT, 44F) uses ellm
exclusively. tammar is used alongside with nadanum in YBC 4662, which
Goetze locates in his group II {Larsa?), and it is used alone in MLC 1950
(MCT, 48), which shares a specific Sumerian stendard phrase with a
number of texts belonging to group III but is otherwise unlocated.
Finally, tammar and eldm are Found together in the late Tell
Harmal texts (IM 54559 -- Boqir 1951:41), while i gi alone is
found in VAT 672 (MKT 1, 267}, a fragment with other stylistic
peculiarities and containing too little Akkadian to allow for
linguistic analysis.

89. MKT I, wiii. MKT 111, 5 continues "Wer Terminologiegeschicht-
liche $tudien an Hond einer Uberset zung machen will, dem
ist doch nicht zu helfen™,

90, So, epBSum and the logogrem ki when used as verbs are rendered
“"to make"; the infinitives used as nouns by "the moking"; and
népeSum by “the having-been-made". An instance of enforced devi-
ation is the complex mah@rum/Sutamburum/mithartum/mebrum, rendered
by “correspond to"/"raise against each other"/"squared line"/
"counterpart” (cf. section I10.,4).

91. So, in a genitive construction like "{b-si, 15°", the pre-
position "of" is given in normal writing, "the equilateral

of 15°". "mi8il u " will be translated "half of the length",
because the construct state miZil indicates a genitive construc-
tion, although no genitive marker is joined to wu&.

92. 1 discuss the problems of two-dimensional geometrical concept-
ualizations and methods snd & number of complex algebra problems
in my preliminary (1985:41-63, 105.1-105.42).

93, Another text dealing with igim and jgibdm is VAT 8520 (MKT

I, 346f). There, the names of the two unknowns are written sylla-
bically throughout the tablet, while "part"™ and "reciprocal” are
referred to by the usual ideogram igi . This leaves little doubt
that the twe ideas were, and thus have to be, kept apart.

94, In various problems from 8M 13901 (below), the supple-

mentary square is appended to the gnomon; in VAT 8520, as in the
present text, the gnomon is oppended.
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95. The one exception from this genersl rule is IM 532301 (obv. 12,
rev. 10). This is only one of several reasons te regard this late
tablet as a symptom of changing conceptualizations -- cf. below,
note 113; section X.13 and note 176.

96. In its own way, this confirms Neugebauer's old intuition.
Thureau-Dangin suggested very tentatively (1936a:31 n.1) that
wigitum might designate absolute unity (as distinct from 1°,
1° etc.). Against this, Neugebauver {MKT IIl,11) raised the objec-
tion that only absoluke unities belonging with problems of one
unknown were designated wagftum. Instead, he suggested that the
term might designate a certain class of coefficients of value 7.
Irrespective of the precise interpretation, indeed, the "projec-
tion" is a coefficient 7 of dimension [length), multiplication
by which transforms a linear quantity into a quantity of dimen-
sion {[length®}.

97. In YBC 6967, this quantilty was spoken of by the noun takiltum,
here however by the relative clause "which you have made span",
ga tuftekkild. This parallel {which is repeated copiously} con-

firms the close relation between "making span" (Butdkulum) and
takiktum.

98. Thureau-Dangin 19360:273 MK1 111, 10. The criteris are language
and writing.

99. In MCT, 148, 151.

100. MKT 111, 14.

10%. We notice that the current identification of a square with its
side can explain that the wagitum itself is oppended, and not a
"% spanned by the wagftum with itself. At the same time we ob-
serve that the entity which is "appended"” wust be Lhe concrete
geametric piece of surface, mot a number measuring its magnitude:
Such a number would, even to the Babylonisns, have to be Ffound

via one of the "multiplicatory” processes "maoking span" or
"raising”, as are all "surfaces". Due to the configuration, how-
ever, there is no need to "moke the wigitum span”, i.e. to make

it form s rectangle {in Fact a square}: The sgyuare is already
thergf?ﬂgeghe cornper of the cross -- there is no need to prescribe
its construction.
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102. The specification "to two" shows that the original sense
of egEpum has been absorbed into the generalizetion "to repeat
# times". Genuine doubling has been left behind.

103. See Rosen 1831:13-15. 1t cannot be decided on the basis of

the al-Khwarizmi-text and the present 0ld Babylonian text alone
whether the recurrence of two 01d Babylonian methods in al -Khwa-
rizmI's Algebra is due to coincidence or te continuous traditioen.
As 1 shall show i%??ﬁf?houever, another algebraic text roughly con-
tempaorary with al-Khw3rizmiI's shows continuity with the 01d DBaby-
lonian traditio:yggun to the choice of grammotical forms, while
displaying the same interest as the present problem in the four
sides of a square and a rectangle. This leaves little doubt that
al-Khwarizmi too was inspired by the some old tradition.

iD4, Diophantos, Arithmetica VI,vi. Weron, Ceometrica 21, 9-10.
The Diophantine and lHeronian parallels have been pointed ocut by
Kurt Vogel (1936:714; 1959:49).

105. This simplification of the geometrical procedure is not in
general accompanied by calculatory simplification: The multipli-
cation P-u-' is dispensed with, it is true; but the final inverse
scaling would be dispensed with in the "Hedieval" reduction.

(Only cases where u is an irregular which does not divide P and y
would be harder -- indeed impossible -- to deal with "Medievally”).
0f course, such arguments of conceptual simplicity should be

used with care. We cannot conclude in that way that
Diophantos made use of geometric representations. By his synco-
pated rhetorics he could keep track of problems much more compli-
cated than the present one. But the Bsbylonian texts were made
neither by nor For mathematicians of Diophantine stature; theywere
schoaol texts, made for scribe students  comparable in giftedness

and interests to the students of Hedieval merchant ("abacus")
schools, we may guess, IF the latter were unable to use the
Diophantine method in a rhetorical representation, there is no
resson to believe that Bobylonian students were any better off.

106. The method is closely related to the method of & “single
false position", which was also used by the Babylonians as a
purely arithmetical technique ~- c¢f. Kurt Vogel 1960.

107. The same pattern of thoughl is made explicit e.g. in VAT
7532, rev. 6F,
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108, Str. 367 (MKT I, 259f) may be quoted as an example.

109. Expressed in terms of the arithmetico-symbolic representa-
tion aligned with the translation, the former interpretation
makes the varisble z the side of the small squsre ~- one seventh
of the side of the first originsl square. According to the latter
interpretation, z is the ratio between the sides of the original
and the auxiliary squares.

110. Saggs 1960:139.

111. No 2 of the same teblet is e strict parallel -- translated
into symbolic algebra, the conditien x?=9.{x-yJ)* is replaced
by y'=4d-{x-y}?. The parallellism makes oll restitutions of
damaged passages certain.

1 follow the improved readings given by Thuresu-Dangin (1936:58,
repeated in THMB).

112. 1n AD 0862 No 1 (translated below, section VIII.2Z), even the
inhomogeneous Function xy+x-y is a "surface"™; so, the meaning

of the term cannot be that of "product". Linear expressions, on
the other hand, are never called surfaces; so, a generalized sense
of "function” or "combined expression" is equally excluded, The
sense “polynomium 0l the second degree"” would of course be adequate,
but much too abstract to be expected in a Babylonian context.

13 . Indeed, with one exception, only "surfaces" are "built™ in
0ld Babylonian algebraic texts (VAT 8390 and AC 8862, in MKT I;
¥YBC 4608 in MCT; TMS XVII). Ihe exception concerns IM 52301,
the deviations of which from normal usage were already mentioned
sbove (note 95} -- ¢F. also below, section X.1.

114, In AQ 8862 (see section VII1.2), the calculation is at times
made explicit as a separate process after the construction,

115. The case of 8M 15285 NC© 10 (see above, section V.7) is
different. The whole tablet deals with areas of indubitably geo-

metrical figures; no scaling and no cut-and-paste procedures
appear to be involved.

116, So in VAT 8512 (MKT1 1, 341, cf. Gandz 1948:36F, or Vogel
1959:72), an auxiliary rectengle is attached to the triangle
spoken of in the enunciation. In this text, by the way, even the
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verbal explanation which states the problem is left without the
support of o sketch of the situation. Indeed, the problem as

stated is clear and unambiguous and requires no sketch. The far
leag gggosition of the procedure (less clesr at least to modern

interpreters) has not given rise to any explanstory drawing.

117. True enough, the association of Archimedes with drawings in
the sand are probably due to an Ancient misunderstanding (see
Dijksterhuis 1956:30-32). Still, this very misunderstanding shows
that geometrical drawings were at times mode in the sond. The same
is clear from an snecdote told by Vitruvius (De architectura VI,i,
the story of the shipwrecked philosopher Aristippus finding
geometric figures in the sand of the Rhodian shore).

118. In the Dld Babylonian school excavated in Tell ed-DEr, the
exercise tablets of the higher teaching levels contain the in-
structor's model and the student's nttempt to imitate in perallel.
The tablets belonging te the elementary level (stylus exercises,
vSilbenalphabet A", “Syllabar a") contain no instructor’s model,
and Tanret (1982:49) proposes that the models have instead been
drawn "dans le sable de la cour™.

119, Even though Proclos is not very reliable as a source for
the early period in Greek mathematics, his statement could be
mentioned that arithmetic was Ffirst developed by the Phoenicians
{ILn Primum Euclidis ... Commentarii 6527},

120. A plan of the fields belonging to the district Sulgi-sib-
kalama, Ffrom the tablet MID 1107, published, redrawn and diecuss-
ed by Thureau-Dangin (1097),

121. $o, the repeated clsims of Sclomon Gandz (e.g. 193%9:415IT),
Thureau-Dangin (e.g. TMB, xvii) end Bruins (e.g. THS, 4) that
the Babylonions possessed no concept corresponding to our concept
of (quantifiable) angles is not contradicted by our field plan.
In all probability, the claims are correct for the 0ld Babylonian
period. 50, a theoreticul concept of the right angle must also

be considered absent. But clearly, a practical concept of the
right angle, as the correct angle relevant for area measurement,
must have existed according to the field plan (and according teo
much other evidence, including architectural structures and the
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expression "the four winds", i.e. four cardinal points). Somewhat
pointedly, a Babylenian "right™ angle can be claimed to be the op-
pogsite of a "wrong" angle.

122. MCT, 44F and Plake 26.

423. 1 intend teo deal with this question in the final version of
my "Dynamis, the Babylonians, and Thesetetus 147¢7-148d7" (work
in progress; the above-mentioned problem is onlydealt with in an
addendum to the preprint-version circulated in March 1985 (1985b).

It should be observed that the multi-digit numbers occurring
in many 0ld Babylonian algebra problems make them unsuited for
precise representation through pebble patterns.

The verb translated "to collect" in my translation is makdsum,
"Ertragungsteil, -sbgabe einheben”. MKT reads maldsum, "ausrupfen";
1 follow Thuteau-Dangin's correction (1936:58), which shows the
perspective to be not that of the peasant or the over-seer-scribe
but that of the landlord or his accountant. Neither this nor

124,

Thureau-Dangin's other corrections interfereswith the mathematical
structure of the text (cfF. also MKT II1I, 58).

125. A
I

concrete interpretation of the procedure was {as far as
know) first proposed by van der Waerden (1961:67).

126. Then the difference in rent would have been calculated e.g.

under the two different suppositiens that S3=5;; and 5 =0, ond
the real values of 3; and $j; would have been derived by
linesr interpolation”, CFf. Tropfke/Vogel 1980:371F,

"inverse

The difference between the procedure of the present problem and

that of a "double false position” was already pointed out by Kurt
Vogel (1960:901F).

127. In those (rather few) cases which go “What shall 1 pose to
¥ which gives me X? Pose 2, X it gives you", the "raising" of

2 to ¥ must then be considered os implied by the "posing" as an
automatic consequence -- cf, secltion 1V.6.

128. An explanation of the procedure which as far as I know has
been overiooked by ullprevious investigators of the text.

129. See Powel) 1972:185 and passim.

130. See Peet 1923:24F.
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131. It can be observed that the length of the bur corresponding
to the width wagdm =1 nindan equals the largest Babylonian

length measure, the dannal(= 10.8%m) -- as it was pointed out
(independently of the present analysis) by Marvin Powell st the

Third Warkshop on Concept Development in Mesopotamian Mathematics,
Berlin, December 1985.

132. ¥ruly, the mathematical commentary in TMS claims that they

do, and even tries to mske them do it, though with congiderable
violence to the texts.

133. According to TMS, only the width is known, Had this been the
case, the operations of line A.,3 would heve proceeded conversely:
from a width of 20 to its Fourth (5), whence from 45 toe 50. In
part 8, similar disagreements between the text and Bruins's
assumption thst the length be unknown can be peointed out.

134. The schematization was proposed to me by Peter Damerow at
the First Workshop on Concept Development in Mesopotaemian Mathema-
tics, Berlin 1983, where I first presented my interpretation of
the text.

135. On other occasions we are of course forced te acknowledge
some Sumerograms ss logograms for proper Akkadian,- viz. when
they are provided with Akkadisn phonetico-grammatic complements.
Cf. note (x)to BM 13901, No 23 (section V.4).

136. VYogel 1933:79, in a comment upon MNeugebauer 1932a.

137. Absent, that is, in expliecit formulation. Indications exist,
indeed, that the problem BM B5194 rev. 11.7-21 was solved as a
problem in one variable snd not in two, as proposed by Kurt Vogel
(1936:710). See my 1985:59f.

138. So YBC 6504 N® 2 (MKT 111,22, interpretation in my 1985:44¢F)
end BM 13901 No 19 {MKT II1, 4). In both cases, the linear dimen-
sions of the figure are half of those of the present problem.

139. Such a discrepancy is found e.g. in BM 85194, Rev.II1,7-21.

140. Similarly, we remember, the “raising" was sometimes left im-

plicit in the "posing” of one number to another (above, section
Iv.6).
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141. It may be significant that two of the three ellipses cccur
after the "breaking” of a "half-part", which already may imply
the construction process; similarly, indeed, in II.2%, the half-
parts are not "msde span" but instead "inscribed until twice".
The third ellipsis, finally, is found when the area of the
square in Figure 17A is found: IFf this configuretion is well-
established beforehand, there is no need to construct it anew
{cf. the concluding discussion in sectien V.B).

142. In one case, viz. YBE 4675, obv. 14, har3gum is also used to
designate a subtraction from a surface {MCT, 45). That text, how-
ever, avoids nas@hum altogether.

—_———

143. Truly, Bruins.claims in the commentery in THS (p. 67, and
announced slready pp. xi and 2) that the two parts deal with
the same equation, and that part A expounds the master's own
method and part B the alternative used by the Akkadians. Fer

a number of reasons this is an impossible ides:

1) If the equation xy+x =40° is to be equivalent with
xy+x+y = {, one must presuppose y =20°. On the faith of
line 6 Bruins claims (rightly, I suppose) that this value will
have been given before (cf. my restituted line 1), from which
he concludes that the text deals with a normal, complete set of
two equations., Line 2, however, presupposes implicitly that the
length is equally known (10° the surface), while the value is
stated explicitly in line 5 (still without being calculated)}.

2) If the first half of line 10 were to be the result of a
trensformation belonging with the “Akkadian method™, it could
not precede the announcement of that method in the second half
of the line.

3) In any case, the First half of line 10 is clearly in the
style of statements; transformed equations are never restated
in a similar form -- cf. the Fact that part A does not end up
with a new statement "length andwidth eccumulated, 1°50°, 4G~
the surface”; cf. also the contrast with the formulation in lines 25f,

4} Finally, Bruins overlooks the identical statement in part
€, as well as the fact that the procedure taught in part B is
precisely the one used in part €.

It may be observed that the presumed "Susian” method is used
in the Babylonian ("Akkadian") AD 8862 N9% 1-2, although NO 2

would have been grestly simplified had the "Akkadian method®
been used.
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144. In this connection, the global character of 0ld Babylonian
scribe school mathematics is worth refiecting upon. Greek mathe-
matics, that other prototype of Ancient non-utilitarian mathema-
tics, can be claimed to be essentially determined by its central
problems (squaring the circle, doubling the cube, properties of
conics, classification of irrationals, etc.}. The great methodo-
logical innovations of Greek mathematics were made in order to
solve (in a philosophically satisfactory manner!) these great
problems. 0ld Babylonian scribal mathematics was (in as far as
we concentrate upon its non-utilitarian aspect) determined by

the methods at hand, and problems were chosen that would permit
a brilliant display of the methods known to "the learned scribe”,-
which makes scribe school mathematics a perfect parsllel to other
agspects of 0ld Bsbylonian scribal culture as presented e.g. in
the "exemination terter. St 82211015, pud pasale, which
discusses the difference/less coarsely than necessary in the
space of a foot-note, and cannects the different attitudes to
their institutional context.

145. The meticulous repetition of all steps sppears to exclude
s simple reference back to the known entities from section B,

t46. The srgument can be imegined in the style of "false assump-
Ae?qth of t?g .
tions™: If thelipper le rectangle in Fig. 16 is to represent 3

;tigg;tha, the length of the upper right rectsngle is 3 instead
of 7. Similarly, if the upper left width represents 27 "true”
widths, its extension will have to be 2t instead of 7. The sum
of length and width of the total Figure will then be 3+27+8°30°,
cf. line 34, Furthermore, the total scaling factor for the area
will be 27.3=7"3", and the area of the assumed surface will hence
be 7°2°.2=2"6° (lines 36-39).

The last ﬁr% ?f the interpretation seems to be confirmed by
VAT 8520, NO 1% Hefe, an igOm-igibdm problem (translateble into
xy =7, x-%,(x+y) = 30°). is solved in a similar way (extensions
apart). The linear equation is transformed, it appears, into
7x-6y = 8°30°, and a scaling factor of 7-6 =42 is applied to "1
the surface”. As the numbers 7 and 6 sre to be retained by head,
the transformation csn be assumed to be performed mentally,
not by means of sny material representation beyond the changed
conceptualization of the basic rectangle.
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147. This supplementary role is nothing specific for the mathe-
matical texts. Similar claims could be made for moat branches of
Babylonian literature.

148. Mahoney 1971.

149, It should perhaps be emphasized once more that these remarks,
as the whole of my investigation, regards the valgebraic” texts.
They have no implications for those texts which are directly con-
cerned wikth the properties of numbers, &.g. concerning inversion
or continued multiplication; they, of course, cannot be denied
the label “"arithmetical".

150. lnclusion of certain further texts would have forced us to
modify this statement es well as the automatic identification of
"gurface”-problems and problems of the seconddegree.So,the“surface“
problem Str. 367 (MKT I, 259f) is in reality of the first degree,
but makes use of certain naive-geometric techniques all the samej
other exceptions of various sorts could be mentioned. (Already

the first-degree "meadow” problems af VAT 8389 and 8391 could
indeed be claimed to be exceptions; all of them are of the first
degree -- but formally they are of course concerned with surfaces,
and part of the reasoning is made through imagined partition of

a geometrical surface).

Problems "representing” prices, igdm-igibdm pairs etc. by dimen-
sions of surfaces are not to be understood as exceptions but as
“gurface"-problems -- cf. the use of the term "surface" in YBC
6967 (above, section V.1).

151. A very beautiful example is VAT 8512(MKT I, 341f) -- see
Gandz's deciphering of the procedure (1948:36), or the more
detailed analysis of the text in ay 1985:105.15fT

152. This would hardly hother the Babylonians, who appear to
treat a rectangle of length 45 nindan and height 45 cubit as they
trest an ordinary square -- 9ee my 1985:53-63.

153, Since our texts are school-texts and not practitioners’ note~
books this may seem their only possible aim. The occurrence of
problems of the third degree (for which the Babylonians knew no
general solution, and which are therefore treated by non-general-
jzable tricks) show that another eim was possible snd in fact also
present at least occasionally: That of demonstrating the (mock)}
ability of the teacher. CF. also sbove, note 144,



ey

154. Seen in a long-run perspective this is of course also true

of modern mathematical terminology. New theoretical developments

give rise to new applications of old terms -- just think of a
creature like the "infinite-dimensional vector space®, in which at
most "infinity"” can still claim a clessical value. Since the

time when mathematical terms were given precise definitions,

however, every extension by analogy and metaphar constitutes a clear and
definite break. This was apparently different in Babylonian mathe-
matics, which saw no absolute conceptual border-line between
standard-situstion and analogouvs extension,

155, This is the most probable implication of the distinction
between "length" and "true length" in TMS XVI (section VII.3).
The “squared line" spoken of in the statement and that inherent in
the precedure can also be seen to be kept apart in BM 13901 NO 14
through the multiplication by ! in rev.I.9 (section VI1I.%}.
Finally, THS X1X appears to designatea ™"representinglength" 7 as
the "counterpart” of the "real length® 7 (¢f, below, note 176),

Abstract distinction between a mentally conceived “resal entity" and
an equally mental "representing entity” may be too abstract to be expected
in s Babylonian context. A reasonable guess would be that the traces of an

explicitly distinguished representation are also traces of a concrete,
material representatiaon.

156. There is no reason to be overly astonished {or scandalized
on behalf of the poor scribe school students)} on this account.
Apart from a modest (not to say infinitesimal) minority of the
school children who have been taught second-degree algebre during
the latest 3% millenia, their situvation has been exactly the same,
when not worse. Unless you make interpolation in trigonometrical
or similar tables, physics at least at the level of Galilean
ballistiecs, or something similer, second-degree algebra can only
be used to train second-degree algebrs.

157. Mahoney 1971:372.

158. Chapter 1, quoted From Reich & Gericke 1973:37. Vieta
cites Theon's definition of analysis, The gold metaphor is Ffound
in the dedicatory letter {ibid. p. 34).

a single
159. We observe that even the argument byyfalse position is a
primitive sort of analysis albeit arithmetical. Take e.g. the
problem that a “heap" and its fourthis 5. For lack of an x

permitting us to rewrite the 15 as 74 x one takes the number to
be known, viz., as 4, etc.
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160. H. Frankfort et al 1946:3-27.

161. Precisely this question is rised for Babylonian mathematical
thought by Mahonsy (1971:370).

162. That even large perts of mythology were founded on social
practice has been argued by Thorkild Jacobsen (19763 and already
in Frankfogt7?9d6:125-219). A proverb like "Workmen without a
foreman sre waters without a canal inspector" demonstrates clearly
that Babylonf?ﬁ%ﬂg¥fbes were as sble to see their fellow beings
under the aspect of objects as their myths were to see nature as

a fellow being (Frankfort et al 1946:203).

163. M. Tr. Larsen 1983:3,
164. Frankfort et al 1946:5.

165. lbid.

166. See Renger 1976:229 and passim.
167. M, Tr. Larsen 1983.
168. Levi-Strauss 1%72:16fF.

169. The oppusition between day and night can thus be used as an
analogy or "model” for the two moieties of a tribe; clans labeled
after snimals are part of common lore -- not signifying, however,
that the clan members assume descent from the real animal in question,
but affinity in some higher sense (cf. ibid. pp 142f and 149}.

170. Ibid. p. 20

171. The definitions, axioms and postulates uftheElgmiggs are pre-
cisely such a set of abstracted principles, and gﬁe?ﬁuxxa—up of
the whole work constitutes a conscious attempt to build the
complete argument on these. Truly, the sbstracted system is not
complete, as it is well known, and at times "naive" knowledge is
made use of implicitly; and conversely it is obvious that 0ld
Babylonian "naive" geometry is full of implicit sbstraction:
assumptions on the calculability of areas es products, knowledge
of arithmetical rules, etc. Neither observation affects the fact
that we have to do with fundamentally different projects.
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172. M. Tr. Larsen 1983:8.

173. The system is clearly visible in the symbolic transcriptions
of three sections of VAT 7537 in MKT 1, &474F.

174. Far the motivations of 0ld Babylonian non-utilitarian mathe-
matical activities, cf. above, note 144. The changes after the
end of the 01d Babylonian era are discussed in my 1980:28F.

. (1966:207F
175, From the mathematical structure alone, Bruins' interpretation

viz. a triasngle cut by a transversal, cannot be excluded. But the
expression "upper length" im rev., 17 spesks definitely against it,
as does the absence of partial aress from the statement.

176. "Normally”, but not exclusively, it is true., In TM5 XIX, s
number 7 is posed (in & "single false position") for the (real)
*]lenght" of the problem, and next also for its "counterpart" (TNS,
101, as corrected in von Soden 1%64:49), which in the fellowing
turns up to be its "basic representative“., In TMS 1X, 40 {above,
gection VII1.3) as well as TMS XII, 10 (TMS, 79, as corrected in
von Soden 1964:49)}, and as rev. 5 of the present text, the "ori-
ginal® and the “counterpart" form the usual geometric configura-
tion, but already at the point where they are "made span” a supple-
menary square, not when the side of the supplemented square is found,

An occurrence in IM 55357, 18??&'42??1 more deviant but need not
occupy us here, as it has to do with a triangle.

177. The same expression is found in the contemporary and equally
northern tablet Haddad 104 (al-Rawi & Rosf 1985) and in the late
01d Babylonian or perhaps even early Kassite AD 17264 (MKT }, 126)
Db,-146 (Bagir 1962), which is also contemporary with the present
text, regards the "equilateral" as something which is to be "taken"
-- presumably slso as & numerical result.

178. Another case of re-Sumerianization is that of tab. In 0ld
Babylonian mathematics, it was used as 8 logogram for egl@pum, "to
double”; in the present tablet (e.g. obv. I.2) it is used for
tepdm, "to add". In view of the genuine meaning of Old Babylonian
*doubling" {concrete repetition), both uses are in agreement with
the general meaning of the Sumerian term; in their technical use,
however, the two functions of the ideogrem cannot be connected in

f ab
any way, which excludes any continuous existence/as & mathematical
term,
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179. Of course in symbolic transcription (MKT 111, 21). The
important thing is that the entity (1 +w+d)* cannot be
avoided in the interpretation of the procedure.

180. A0 8484, the other Seleucid tablet containing second-degree
problems, wasj:ritten by Anu-aba-ut&r, an early 2nd-century scribe
from Uruk, known as possessor and writer of astronomical (and other)
tablets. See the colophone in MKT I, 99, and Hunger 1968:40 {(NO 92)
and pagsim.

If the algebraic tradition was really transmitted since the
0ld Babylonian period in an environment of "higher artisans", as
suggested above, the circle of the Uruk astronomer-priests may be
the setting where its re-Sumerianization took place.

181. In 0ld Babylonian mensuration, the area of an irregular
quadrangle had been found by the "surveyors' formula", as the
product of "average length" with "averasge width" -- see e.g.

YBC 467%, in MCT, 44F). In the Seleucid tablet VAT 7848 (MCT, 141) the
height of & trapezoid is calculated by means of the Pythagorean
theorem, and everything goes exactly as in Hero's Geometrica 16,17,

182. Rev, %0-27 (4 problems in total). In MKT I, 98F.

183. The subtraction of "gsurfaces™ carries a libbi, "inside"; but
the subtractive term itself is lal, "diminish", and the
gddition is expressed simply by u, "and", and tab, "add". Multi-
plication is seen as "going steps".

184, Translated by Kurt Vogel (1968 -- the relevant problems are
found pp. 90-103).

185. One source is a Greek papyrus from the 2nd century A.D, {Rud-
hardt 1978, cf. Sesisno 1986. Another is & Latin Liber podismi
(latest edition in Bubnov 1899:510-516), dating perhaps to the

4th century A.D. and based apparently on Alexsndrinian sources.
One of its problems {ibid. p. 511F) deals with a right triangle,
for which the hypotenuse and the area are known. The solution is
of "Seleucid" type, making use of total sum and total difference.

186. I shall only refer to Szabd 1569; Mahoney 1971} and Unguru and
Rowe 1981,

187. See my 1983 (review of Unguru and Rowe 1901).

188. See my 1985b.
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189. The first Arabic passage is grammatically impossible as it
stands, Rashed (1984:111,27) prefers a minimal correction, which
makes the term an epitet to a number. Sesiano (1982:99 note 48)
makes a more radical emendation, in order to obtain agreement with
a backward reference inthe next passage andwith his own interpreta-
tion of the term. The First but not the second of these consider-
ations seems compelling to me, which makes me accept that part

of Sesiano's correction which makes IV.17 a parallel to 1IV.%9
{whence also to V.7).

190. Ver Eecke 1926:36 note 6. There is no reason to go further
into the details of his explanation.

191. Rashed 1984:133-138; Sesiano 1982:192F.
1%2. See my 1986,

193. Criticel edition by Busard {(1968).

194. See Sayili 1962.

195, See Luckey 1%4t.

196. One may wonder that so many linguistic observations can be
made on a Medieval Latin translation. The reason is that Gherardo's
translation appears to be extremely litersl, reflecting even some
peculiarities in the original usage which could easily have been
straightened without loss of mathematicsl substance.

197. See Levey 1966:94, 96,

198. See Krasnova 1966:115fF. This Russien translation is the only
printed version of the work, although selections and paraphrases
from incomplete manuscripts have been published by Woepcke (1855)
and Suter (1922:94-109). Though not algebraic the whole treatise
is highly interesting as an eclectic merger between a Near-Eastern
naive-geometric tradition and Greek apodictic geometry.

Abii'l-Wafa’s treatise is a maln source for the establishment of
a connection between the cut-and-paste technique and the later
theory of partition if figures.
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accumulate, to
accumulated
accumulation
add

akkadian

and

append, to
appended

as

as much as

ask, to

be (come} small{er}, to

break, to
break off, to
bzring, to
build, to
bur

by

change

collect (taxes, rent), to

come up, to

confront, to / -ed

contribution

correspond to, to

corresponding to what

counterpart
cubic equilateral
cubit

cut away, to
cukt down, to
cut off, to
detach, to
double, to
each
equilateral
false

firet ,.., second
{18t ..., 2nd)

follow, to

four

-ma

kamarum / gar-gar / UL.GAR
nakmartum

kKumucrum / gar-gar / UL.GAR
(Seleucid: tepli / tab)
akkadim

u

wagibum / dah

wugubblim

kima

gl

nagin

hepln / gaz

hagdbum

wab3lum

bantn

burdm / ba l_(gén)

ina / -ta

takkirtum

makasum

eldm

UL.UL

mand tun

mah3rum

ki magi

meprum / gaba{~-ri)
ba-si,/si

ampatum / ku &

kaddtum

nakasum / kud

Larasum

patacum / du,

egépum / tab

ta-am

fb-ai,/8i ¥ baglm / ba-si/si,
lul

ist@n .., Sanlm
T{kam) .., 2(kam)

reddm (as “to make follow", ruddfm)

erbfim
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Toble 2, continuved

fourth {part)
from
front
gin
give, to
go, to

go away, to

go beyond, to
grain

gur

half

half-part

hand
having-been-made
head

head retain, may your
here

if

iglim

igiblm

ingeribe, to
ingide

integrity

itself

know, to

lay down, to
leave, to
left-over

length

lift, to

lower

make, to / making
make cubic equilateral
make equilateral

make follow {additive-
1y}, to

make span, to
make surround, to

rabTtum

ina / -ta

piitum
giglum / 9in
nadSnum / sum
aldkum / £ d

tebim

watdrum S dirig / 81
fedum / Ee

qur

miZlum / Bu-ri-a
bamtum / BA.A
gitun

nEpedun
zéum / sag
8iKa Likil
anniki’am

Surma

1gfm / 9
igiblm / igi-bl
lapatum

libbum {in the inside of: libba; inside of: libbi)

Sulmum

rananifu

edim / zu

nadan

ezébum / tag,
(Eiddum) / ud
nim

Zapllm / ki (-ca)
epidum / k1

(-e) ba-8i,/si
(~e) fb-si,/si
ruddm (D-stem of reddm)

Eutdkulum / 1-kd (=% &)
NIGIN
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Toble 2, centinued

meadow
mina
name
nindan

no{t) (negating a word
or part of proposi-
tion)

not {negating a propo-
gsition)

now

one

one ... the other
oppose, to
out Erom
over
over-gaing
part, n'th
pose,
ralse, to

to

raise against itself,
to

reed
remain, to
remainder
retain, to
sar
gay, to
saying
second / 2nd
gee, to
seventh
sila

since

sixty

small

B0

80 much as
span
aguared line
steps of

sut face

surrounding

tawictum / garim / (A-ENGUR?)
mantm

Eumum {Seleucid MU)

nindan (=GAR}

la / nu

ul(a) / nu

inanna

i&t&num

UR.UR

ity

eli /u-gd
iginigdl(-bi)
Sakdnum / gace
nalm / {1
Sutamburum

gandm / 9l
{Seleucid: riahu)
Sapiltum / ib-tag,
kullum

sar

qabm / dug,

dug, / TUK

ganfm / 2(k am)
amirum, c<f. *"you see®
sebItum

ga/sila

aziun

udium

se¢ "be (come} small(er)”
kIam

mala / a-na

see "make span®
mithartum / LAGAB
a~-ré

eqlum / a-£4

NIGIN
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Table 2, continved

takiktum takiltum

tear out, to nasahum / zi

that of #a ("emphatic genitive”)
things accumulated kimgdtum

third (part) EalSum

three Saladum

to (prep.) ana / -ra

together with itei

trapezium sag-ki-gu,

true kInum / gi-na

turn around, to sahdirum f nigin{-na)
turn back, to tarum

twice &inisdu

two Sina

two-thitd Zinipitum

until adi

upper ellm / an{-ta/-na)
various (things) hi-a /ha

wagTtum wagitum

waghm waglm

what mindm / en-nam

which Ba

width (Egn:_uﬂ)/sagt-kt)
you see tammar / igi-dd/~-du,

® The table is intended to be comprehensive with regard to the texts trans-

lated sbove. Only pronouns and pronomial suffixes are left out intentionally.
*The table includes a number of terms which were not represented in the

above translationa, but which would be useful for other texts belonging to the

genre. For this open-ended enterprise, no completeness wes of course aimed at.
Tt should be emphasized once more that this is a table of standard trans-

lations, i.e. @ _key to the translated texts. It is not meant to be a dictionary,
and ne listing of meanings.
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Jable 3. Sumerien ond Akkodion terms with equivolences and standacd
translotions™
adi until egépun (~tab) to "double”
A-ENGUR (~tawir~ meadow(?) ez€bum (~tag,) to leave

e gaba(ri) counterpart
akkadlm Akkadian { mehrum)
alSkum {~r &) to go gar (~3akEnum} to pose
amarum to sea gar-gar to accumulate/
ammatum kud) cubit (~kamErum} accumulation
and;:;m{-n a) upper 90(:!;:__“5!!’ meadow
ana : ) to gaz (~hepum) to break
a-na {~mala) 80 much as 9t ‘M’ teed
annikI *am here 9in { $iglum gin
T steps of gi-na (~kInum) tcue
a-E83a feglum) surface gur gur
addum since ha=hi-a, qg.v.
BA(.A) {.bAEMtum) half-part bacagum U GI3 R
ba-si,/8ai {cubic) equila- bagSbum ojbreakyott

- basiim) teral heplm (~gaz) to break
bimtum (. BA,A) half-part hi-a various (things)
banim to build ib-8i, (make} equilateral
baslm .ba-s51) equilateral ib-tag, remainder
b ™" (~biirum) bor (~Bapiltum)
bigum (b e®* ) bue igi (~iglm iglim
dah (~wagiibum) to append igi n (gal-bi)igi of n

vgu..ldirig

{over ..} go beyond

{~eli ..watirum)

du, (~patdrum)

to detach

dug, {-gabfim,TUX} to say/saying

edlm (~zu)
elén

el (~u-g)
ellm {~an)
eltm

to know
over-going
over

upper

to come up (as a
result)

en=-nam {(~minlm} what

epélum {~k 1)
eqlum (~a=-33)
erblm

to make/making
sur face

four

igi-bi (~igiblm) igibim
igiblm (~i g i - b i) igiblm

igi-dd/du,
~tammar)

iglm {~igi}
{1 (-nastm)
ina (~-ta)
inanna
iftdnum

i#tE&n ... £anlm

iftu
ieti

-kam

you see

ighm

to raise

from / by

now

as

one

one .. the other

the first .. the
second

out from
together with
{ordinal suffix}
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Table 3, continued

kamarum
(~gar-gar)

kaSatum

to accumulate

to cut away

ki{ta) (~Saplbm)lower

k1l (~epEdum)
kY magi

kTIam
kTima

kimratum

kinum {~gi~n a}
kud (~nakdsum)
kullum

kumuccim
{(-gar-~-gar)

kud (~apmatum)

la {~nu)

to make / making

corresponding to
what

8o

as much as

things accumulated
true

to cut down

retain

accumulation

cubit

not

LAGAB {~mithartumdsquared line

lapitum
libbum

lul
mma
maharum

makisum

mala {~a=-na)
mandtum
mantm

natum

mebrum
{~gaba(-ri)

to inscribe
ingide

false

to correspond to

to ¢ollect {taxes,
cent)

80 much as
contribution

mina

be {come) small(er}

counterpart

mInlim {~en-mnam) what

miZlom
{(~3u-ri-a)

mithartum
(~LAGAB?)

nadanum {~s u m)
nadlm
nakdsum (~k ud}

nakmartum

half

squared line

to give
to lay down
to cut down

accumulated

nasahum (~z i)
nalm (~{1)

népedum
RIGIN

nigin{-na)
{~sah&rum)

nin (~ullin?)
nindan

hu (~la,~ul{a))
patarum (~du,)
pltum (cf. sag)
ga (~sila}
qablim

ganbm (~g 1)
gitun

-ra {-ana)

ta (~aldkum}
rabTeum

vamEnidu

E3um {~sag in

to tear cut
to raise
having-been-made

to make surround /
surrounding

to turn around

to lift
nindan
not

to detach
front
aila

to say
reed

hand

to

to go
fourth {part)
itself

may your head retain
head

certain contexts)
rishu {sel.) remain
ruddiim to make follow (ad-

gag (~ré3um)
sagl-k i)

sag-ki-gu,
{~absammikum?)

ditively)
head
width

trapeziuom

sahdrum (~nigin)to turn around

sar
sebitum

51 (~diriqg,
~watdrum)

sila (~ga)
sum {(~naddnun)
#a

SakdEnum (~9 a8 r)

sar
seventh {part)
g0 beyond

sila

to give

which / that of
Lo pose
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Table 3, continued

saldun
8hLum

Sapiltum
(~<ib-tag,)

Saplim (~ki-ta)
fe (~5¢*um
geum (~8e)
Siddum (cf. u %)
Sina

ZinepStum
Sinidu

Biglum {~g{n)
Sittatum
E-0]

Sulmum

Soama
Sumum (Sel, —MD)

gu-ri-a
(~miZlum)

Sutlun

Zutdkulum
(~1 -k d (-k Gn

Sutamharum

-ta {~ina)
ta-am
tab (Sel.~ gepi)

* Cf. note ) to Tsbie 2. Only

three

third (part)
to ask
second
remainder

lower
grain
grain
length
two
two-third
twice
gin
left-over
that
integrity
if

name

half

sixty

to make span

to raise against
itself

from / by
each
to add

tical texts are listed.

In the translations of the texts,

tab (~ege€pum)
tag, (~ez&bum),
cf.ib-tag,

takiltum
takkirtum

tammar
(~igi-db/du,)

torum

tawirtum
{(~qarim;
~A-ENGUR?)

tebln
TUK, see dug,
tepl (Sel.~tab)
L

v-gd (~eli)
ul(a) (-nu}

UL, GAR (-kamdrum)

UL.UL

UR.UR

ud

wabalum
wagibum (~dal)
wEgTtum / wiglm

to "double™

to leave

takIltum
change

you see

to turn back
meadow

to go away

to add
and
over
not

to accumulate /
accumulation

to confront

to oppose
length

to bring

to append
wasitom / waglm

watdrum {~dir i g)go beyond

wugubblim

zi {~nasihum}

zu (~edlm)

graphy as the {(transliteration of)} the term it translates.

appended
Lo tear ocut

to know

logographic equivalences testified in mathems-

each term is written in the same typo-
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Abbreviations

ABZ
AHw
GAG
GEL
HAHw
MCT
MEA
MKT
RA
5L
Slo
TMB
T™S
ZA

R. Borger 1978, Assyrisch-bsbylonisches Zeichenliste,

W. von Soden 1965, Akkadisches Handwidrterbuch.

W. von Soden 1952, Grundriss des akkadischen Grammatik

H.G. Liddel! & R. Scott 1968, A Greek-Enqlish Lexicon.

W. Gesenius 1916, Hebrédisches und Aramiisches Handwiirterbuch.
0. Neugebauer & A, Sachs 1945, Mathematical Cuneiform Texts.
R. Labat 1963, Manuel d'épigraphie akkadienne.

0. Neugebauver 1935, Mathematische Keilschrift=Texte I-II1.
Revue d'Assyriologie et d'Archéologie Orientale.

A. Deimel 1925, Sumerisches Lexicon I-II1.

M.-L., Thomsen 1984, The Sumerian Language.

F. Thureau-Dangin 1938, Textes mathématiques Basbyloniens.
£.M. Bruins & M. Rutten 1961, Textes mathématiques de Suse
Zeitschrift fiir Assyriologie und vorderasiatische Archiologie.

Detailed bikliographic information will be found in the biblio-
graphy.
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